Linkage of modules by reflexive morphisms by Dehghani-Zadeh, Fatemeh et al.
ar
X
iv
:1
90
3.
00
85
0v
1 
 [m
ath
.A
C]
  3
 M
ar 
20
19
LINKAGE OF MODULES BY REFLEXIVE MORPHISMS
FATEMEH DEHGHANI-ZADEH1, MOHAMMAD-T. DIBAEI2, AND ARASH SADEGHI3
ABSTRACT. In this paper, we introduce and study the notion of linkage of modules by reflexive homo-
morphisms. This notion unifies and generalizes several known concepts of linkage of modules and enables
us to study the theory of linkage of modules over Cohen-Macaulay rings rather than the more restrictive
Gorenstein rings. It is shown that several known results for Gorenstein linkage are still true in the more
general case of module linkage over Cohen-Macaulay rings. We also introduce the notion of colinkage of
modules and establish an adjoint equivalence between the linked and colinked modules.
1. INTRODUCTION
The theory of linkage is a classical subject in both commutative algebra and algebraic geometry. Its
roots go back to the late 19th and early 20th century, when M. Noether, Halphen, and Severi used it
to study algebraic curves in P3. The modern theory of linkage for subschemes of projective space was
introduced by Peskine and Szpiro [53] in 1974. Since then, it has been studied extensively by several
authors including Huneke, Rao, Ulrich and many others [27–32, 34–37, 46–49, 56–58]. Recall that two
ideals I and J in a Gorenstein local ring R are said to be linked if there is a regular sequence x in their
intersection such that I = ((x) : J) and J = ((x) : I). The notion of linkage by a complete intersection
has been extended by some authors to include linkage by more general ideals. For instance, Gorenstein
linkage has been studied by Golod [22], Schenzel [62], Kustin and Miller [35], Nagel [49] and Kleppe et
al. [34]; linkage by generically Gorenstein, Cohen-Macaulay ideals has been investigated by Martin [39].
The classical linkage theory has been extended to modules in different ways by several authors in
recent years, for instance Martin [40], Yoshino and Isogawa [69], Martsinkovsky and Strooker [41],
Nagel [50], and Iima and Takahashi [33]. Based on these generalizations, several works have been done
on studying the linkage of modules; see for example [7, 11, 14–17, 52, 54, 55, 60, 61].
Inspired by Nagel’s work, we introduce and study the notion of linkage of modules by reflexive ho-
momorphisms. This is a new notion of linkage for modules which includes the concepts of linkage due
to Yoshino and Isogawa [69], Martsinkovsky and Strooker [41], Nagel [50], and Iima and Takahashi [33]
(see Remark 3.13). Moreover, this notion enables us to study the theory of linkage of modules over
Cohen-Macaulay rings rather than the more restrictive Gorenstein rings.
Throughout R denotes a commutative Noetherian ring and modR denotes the category of all finitely
generated R-modules. For a semidualizing R-module K and an integer n ≥ 0, fix X as an n-reflexive
subcategory of modR with respect to K (see Definition 3.1). The subcategory of perfect modules of
grade n, denoted by Pn(R), is an example of n-reflexive subcategory with respect to R. Also, over a
Cohen-Macaulay local ring R with dualizing module ω , the subcategory of Cohen-Macaulay modules of
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codimension n, denoted by CMn(R), is an n-reflexive subcategory with respect to ω (see also Example
3.2 and Proposition 3.3 for more examples of such subcategories).
We denote by Epi(X ) the set of R-epimorphisms φ : X ։ M, where X ∈ X and M ∈ modR with
gradeR(M) = gradeR(X) = n. Such homomorphisms are called reflexive homomorphisms with respect
to X . Given a reflexive homomorphism φ ∈ Epi(X ), we construct a new reflexive homomorphism
LnK(φ) ∈ Epi(X ) (see Definition 3.4 and Theorem 3.5). Two reflexive homomorphisms φ : X ։ M
and ψ : Y ։ N in Epi(X ) are said to be equivalent and denoted by φ ≡ ψ , provided that there exist
isomorphisms α :M
∼=
→ N and β : X
∼=
→Y such that α ◦φ = ψ ◦β (see Definition 3.6).
Let φ and ψ be reflexive homomorphisms in Epi(X ). We say that R-modules M, N are linked with
respect to X in one step by the pair (φ ,ψ), provided that M = imφ , N = imψ , φ ≡ LnK(ψ) and ψ ≡
LnK(φ) (see Definition 3.8). The R-modules M and N are said to be in the same liaison class with
respect to X provided that M and N are linked in m steps for some integer m > 0, i.e. there exist R-
modules N0 =M,N1, · · · ,Nm−1,Nm = N such that Ni and Ni+1 are directly linked with respect to X for
all i= 0, · · · ,m−1. If m is even, then M and N are said to be evenly linked.
It should be noted that, an ideal I of grade n over a Gorenstein local ring R is linked by a Gorenstein
ideal if and only if R/I is linked with respect to the subcategory CMn(R), consisting of all Cohen-
Macaulay R-modules of codimension n, in the sense of the new definition (see Corollary 3.20). More
generally, over a Cohen-Macaulay local ring R which is a homomorphic image of a Gorenstein local
ring, every unmixed R-module of codimension n is linked with respect to CMn(R) (see Corollary 3.10
and Example 3.12 for more examples of linked modules).
One of the first main results in the classical theory of linkage, due to Peskine and Szpiro, indicates
that the Cohen-Macaulay property is preserved under linkage over Gorenstein rings. Note that this result
is no longer true if the base ring is Cohen-Macaulay but not Gorenstein. Attempts to extend this theorem
lead to several developments in the theory of linkage (see for example [25, 27]). In our first main result,
it is shown that the Cohen-Macaulay property is preserved under linkage over a Cohen-Macaulay local
ring which is a homomorphic image of a Gorenstein local ring. In fact, we show that several results
known for Gorenstein linkage are still true in the more general case of module linkage over Cohen-
Macaulay rings. For example, properties such as being perfect, Cohen-Macaulay, generalized Cohen-
Macaulay are preserved in module liaison classes. Also, we show that the homological dimensions
and local cohomology modules are preserved in even module liaison classes. There is an interesting
generalization of the Peskine-Szpiro Theorem to the vanishing of certain local cohomology modules, due
to Schenzel [62]. Over a Gorenstein local ring, he studied the relationship between ideals I satisfying
Serre’s condition (St) and the vanishing condition of local cohomology modules of ideals J that are
linked to I [62, Theorem 4.1]. Recall that for an R-module M the (St) locus of M, denoted by St(M), is
the subset of SpecR consisting of all prime ideals p of R such that Mp satisfies the Serre’s condition (St).
Inspired by the Schenzel’s result, we study the connection of (St) locus of a linked module and the set
of attached primes of certain local cohomology modules of its linked module. More precisely, we prove
the following result (see Corollary 4.22).
Theorem 1.1. Let (R,m,k) be a Cohen-Macaulay local ring of dimension d which is a homomorphic
image of a Gorenstein local ring. Assume that M and N are R-modules which are in the same liaison
class with respect to CMn(R). The following statements hold true.
(i) M is Cohen-Macaulay if and only if N is so.
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(ii) If X is an open subset of SpecR and M, N are linked in an odd number of steps, then
X⊆ St(M) if and only if AttR(H
j
m(N))⊆ SpecR\X for all j, dimR(N)− t < j < dimR(N).
(iii) If M and N are in the same even liaison class, then Him(M)
∼= Him(N) for all i, 0< i< d−n.
(iv) If M and N are linked in an odd number of steps and M is generalized Cohen-Macaulay, then
Him(M)
∼= HomR(H
d−n−i
m (N),ER(k)) for all i, 0< i< d−n.
In particular, N is generalized Cohen-Macaulay.
Recall that the Cohen-Macaulay locus of an R-moduleM, denoted by CMR(M), is the subset of SpecR
consisting of all prime ideals p of R such that Mp is a Cohen-Macaulay Rp-module.
As a consequence of Theorem 1.1, we obtain the following interesting result for self-linked modules.
Corollary 1.2. Let (R,m) be a Cohen-Macaulay local ring which is a homomorphic image of a Goren-
stein local ring and let X be an open subset of SpecR. Assume that M is an R-module of dimension d
which is self-linked with respect to CMn(R). The following are equivalent.
(i) AttR(H
i
m(M))⊆ SpecR\X for all i, ⌊d/2⌋ ≤ i< d.
(ii) AttR(H
i
m(M))⊆ SpecR\X for all i, 0< i< d.
(iii) X⊆ CMR(M).
It should be noted that, even if we are restricted to classical linkage theory, i.e. linkage theory for
ideals, the above result is new and can be viewed as a generalization of [62, Proposition 4.3].
For a semidualizing R-module K, we denote by PnK(R) the subcategory of PK-perfect modules of
grade n (see Section 5 for more details). Note that, in the trivial case, i.e. K = R, we omit the subscript
and recover the subcategory of perfect modules of grade n, Pn(R). Moreover, we denote by AK(R)
(resp. BK(R)) the Auslander class (resp. Bass class) with respect to K (see Definition 3.15).
In the second part of the paper, we introduce and study the notion of colinkage of modules by coreflex-
ive homomorphisms. This can be viewed as a generalization of the notion of the linkage with respect to a
semidualizing module [17] (see Proposition 5.18). This notion enables us to study the theory of linkage
for modules in the Bass class with respect to K. Note that the notions of linkage and colinkage are the
same over a Gorenstein local ring. It is shown that every grade-unmixed module in the Bass class with
respect to K can be colinked with respect to the category of PK-perfect modules (see Example 5.17 for
more examples of colinked modules). Several properties such as being PK-perfect, Cohen-Macaulay,
generalized Cohen-Macaulay are preserved in module coliaison classes (see Theorem 5.23 and Corol-
laries 5.30 and 5.32). We also establish an adjoint equivalence between the linked modules with respect
to the category of perfect modules and the colinked modules with respect to the category of PK-perfect
modules. More precisely, we prove the following (see also Theorem 5.26 for a more general case).
Theorem 1.3. Let R be a commutative Noetherian ring and let K be a semidualizing R-module. There is
an adjoint equivalence{
M ∈AK(R)
∣∣∣∣ M is linked withrespect to Pn(R)
} −⊗RK
−−−−−−−−−→
←−−−−−−−−−
HomR(K,−)
{
N ∈BK(R)
∣∣∣∣ N is colinked withrespect to PnK(R)
}
.
The organization of the paper is as follows. In section 2, we collect some definitions and results which
will be used in this paper. In section 3, we introduce the notion of linkage by reflexive homomorphisms
and establish its basic properties. We also obtain a criterion for linkage of modules by reflexive homo-
morphisms. In section 4, we study the GK-perfect linkage which is a generalization of the notion of
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Gorenstein linkage. We prove our first main result, Theorem 1.1, in this section. Finally, in the last
section, we introduce and study the notion of colinkage by coreflexive homomorphisms and give a proof
for Theorem 1.3.
CONVENTION
Throughout the paper R is a commutative Noetherian ring, all modules over R are assumed to be
finitely generated, and the category of all such modules is denoted by modR. All subcategories are
assumed to be full and closed under isomorphism. If R is local, then the Matlis dual functor is denoted by
(−)∨ := HomR(−,ER(k)), where ER(k) is the injective envelope of the residue field k. For an R-module
M, the number codim(M) := dimR− dimM is called the codimension of M. Over a Cohen-Macaulay
local ring R, we denote by CMn(R) the subcategory of modR consisting of all Cohen-Macaulay R-
modules of codimension n. The letter K is always used for a semidualizing R-module. The K-dual
functor is denoted by (−)▽ := HomR(−,K). For an integer n, we denote by P
n(R) (resp. GnK(P)) the
category of perfect ( resp. GK-perfect ) R-modules of grade n.
2. PRELIMINARIES
In this section we collect some definitions and results which will be used throughout the paper.
Let · · · → Pi
∂i→ ··· → P0
∂0→M→ 0 be a projective resolution of an R-module M. For an integer i≥ 0,
the image of ∂i, is called the i-th syzygy of M and denoted by Ω
i
RM (or simply Ω
iM) which is unique
up to projective equivalence. The transpose of M, denoted by TrM, is defined to be coker∂ ∗1 , where
(−)∗ := HomR(−,R), which satisfies the exact sequence
0→M∗→ P∗0
∂ ∗1→ P∗1 → TrM→ 0.
Note that the transpose of M is unique up to projective equivalence. However, if M has a minimal
presentation (e.g. R is semiperfect), then TrM is defined uniquely up to isomorphism.
2.1. Gorenstein dimension with respect to a semidualizing module. The notion of Gorenstein di-
mension (or G -dimension) for finitely generated modules was introduced by Auslander [1] and deeply
developed by Auslander and Bridger [2]. It is a refinement of the classical projective dimension in the
sense that they are equal when the latter is finite, but the Gorenstein dimension may be finite without
the projective one being so. A commutative Noetherian local ring is Gorenstein precisely when the
Gorenstein dimension of any finitely generated module is finite.
Recall that a finitely generated R-module K is semidualizing if the homothety morphism R →
HomR(K,K) is an isomorphism and Ext
i
R(K,K) = 0 for all i > 0. Semidualizing modules are initially
studied by Foxby [20], Vasconcelos [66] and Golod [23]. Examples of such modules include all finitely
generated projective modules of rank one and a dualizing module, when one exists. The notion of Goren-
stein dimension has been extended to Gorenstein dimension with respect to a semidualizing module by
Foxby [20] and Golod [23].
From now on, we fix K as a semidualizing R-module. An R-module M is called totally K-reflexive if
M is K-reflexive, i.e. the natural evaluation mapM→ HomR(HomR(M,K),K) is bijective and
ExtiR(M,K) = 0= Ext
i
R(HomR(M,K),K), for all i> 0.
A GK-resolution of an R-module M is a right acyclic complex of totally K-reflexive modules whose 0th
homology isM. The minimum lengths of all GK-resolutions ofM is denoted by GK-dimR(M). Note that,
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over a local ring R, a semidualizing R-module K is a dualizing module if and only if GK-dimR(M)< ∞
for all finitely generated R-modules M (see [24, Proposition 1.3]).
The Auslander’s transpose has been generalized by Foxby [20] as follows. Let pi : P1
∂
→ P0 →M→ 0
be a projective presentation of an R-moduleM. The transpose of M with respect to K, denoted by TrpiKM,
is defined to be coker∂▽, where (−)▽ := HomR(−,K), which satisfies the following exact sequence
(2.1.1) 0→M▽→ P▽0
∂▽
→ P▽1 → Tr
pi
KM→ 0.
Denote λ piKM := im(∂
▽). Hence one has the exact sequences
(2.1.2) 0→M▽→ P▽0 → λ
pi
KM→ 0 and 0→ λ
pi
KM→ P
▽
1 → Tr
pi
KM→ 0.
Note that the transpose of M with respect to K depends on the choice of the projective presentation of
M, but it is unique up to K-projective equivalence. In other words, if T and T ′ are transposes of M
with respect to K, then there exist projective modules P and Q such that T ⊕ (P⊗RK)∼= T
′⊕ (Q⊗RK).
Hence, unless otherwise specified, we simply denote the transpose of M with respect to K by TrKM.
For an R-module M, there exists the following exact sequence
(2.1.3) 0→ Ext1R(TrKM,K)→M→M
▽▽→ Ext2R(TrKM,K)→ 0,
where M→M▽▽ is the natural evaluation map (see [20, Proposition 3.1]).
In the following, we collect some basic properties about GK-dimension which will be used throughout
the paper (see [2], [23] for more details).
Theorem 2.2. Let M be an R-module. The following statements hold true.
(i) If GK-dimR(M)< ∞, then GK-dimR(M) = sup{i | Ext
i
R(M,K) 6= 0}.
(ii) GK-dimR(M) = 0 if and only if GK-dimR(TrKM) = 0.
(iii) If R is local and GK-dimR(M)< ∞, then GK-dimR(M) = depthR−depthR(M).
Definition and Notation 2.3. An R-module M is called GK-perfect if grade(M) = GK-dim(M). Note
that if K is a dualizing module, then the category of GK-perfect modules coincides with the category of
Cohen-Macaulay modules. An R-module C is called GK-Gorenstein provided that C is GK-perfect and
ExtnR(C,K)
∼=C, where n= GK-dim(M). An ideal I is called GK-perfect (resp. GK-Gorenstein) if R/I is
GK-perfect (resp. GK-Gorenstein) as an R-module. For an integer n, we denote by G
n
K(P) (resp. G
n
K(G ))
the subcategory of modR consisting of all GK-perfect (resp. GK-Gorenstein) R-modules of grade n.
Here are some basic properties of GK-perfect modules.
Lemma 2.4. [23] Let M be a GK-perfect R-module of grade n. Then the following statements hold true.
(i) ExtnR(M,K) ∈ G
n
K(P).
(ii) M ∼= ExtnR(Ext
n
R(M,K),K).
(iii) AnnR(M) = AnnR(Ext
n
R(M,K)).
We recall the following results of Golod.
Lemma 2.5. [23, Corollary] Let I be an ideal of R and let n be an integer. Assume that M is
an R-module such that Ext
j
R(R/I,M) = 0 for all j 6= n. Then there is an isomorphism of functors
ExtiR/I(−,Ext
n
R(R/I,M))
∼= Extn+iR (−,M) on the category of R/I-modules for all i≥ 0.
Theorem 2.6. [23, Proposition 5] Let I be a GK-perfect ideal of grade n. Set K = Ext
n
R(R/I,K). Then
the following statements hold true.
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(i) K is a semidualizing R/I-module.
(ii) For an R/I-module M, one has GK-dimR(M) < ∞ if and only if GK-dimR/I(M) < ∞, and if these
dimensions are finite, then GK-dimR(M) = grade(I)+GK-dimR/I(M).
An R-module M is said to be grade-unmixed if gradeR(M) = depthRp for all p ∈AssR(M). Note that
every GK-perfect module is grade-unmixed (see for example [10, Proposition 1.4.16]). An R-module M
is said to be unmixed if all its associated prime ideals have the same height. Hence, an R-module over a
Cohen-Macaulay local ring R is grade-unmixed if and only if it is unmixed.
Lemma 2.7. Let M be an R-module of grade n. Then ExtnR(M,K) is grade-unmixed. In particular,
gradeR(Ext
n
R(M,K)) = n.
Proof. Let x be an ideal of R, generated by a regular sequence of length n, contained in AnnR(M). Set
S = R/x and K = ExtnR(S,K). By Theorem 2.6, K is a semidualizing S-module. Note that, by Lemma
2.5, ExtnR(M,K)
∼= HomS(M,K). Let p ∈ AssR(Ext
n
R(M,K)) and set p = p/x. It follows from [43,
Proposition 9.A] that p∈AssS(HomS(M,K))⊆AssS(K)⊆AssS. Therefore depthRp = depthSp+n= n
for all p ∈ AssR(Ext
n
R(M,K)). Hence Ext
n
R(M,K) is grade-unmixed and gradeR(Ext
n
R(M,K)) = n by [2,
Corollary 4.6]. 
For an R-moduleM of grade n, there is a natural homomorphism ηRK(M) :M→ Ext
n
R(Ext
n
R(M,K),K),
which is a generalization of the natural evaluation map M→ HomR(HomR(M,K),K). This homomor-
phism was studied by several authors, including Roos [59], Fossum [19] and Foxby [20].
Lemma 2.8. Let M be an R-module of grade n. The following statements hold true.
(i) There exists the exact sequence
0→ Extn+1R (TrKΩ
nM,K)→M
ηRK(M)−→ ExtnR(Ext
n
R(M,K),K)→ Ext
n+2
R (TrKΩ
nM,K)→ 0.
(ii) Let I ⊆ AnnR(M) be a GK-perfect ideal of grade n. Set S= R/I and K = Ext
n
R(R/I,K). Then
ExtiS(TrKM,K)
∼= Exti+n−2R (Ext
n
R(M,K),K)
for all i> 2. Moreover, kerηRK(M)
∼= Ext1S(TrKM,K) and cokerη
R
K(M)
∼= Ext2S(TrKM,K).
Proof. Part (i) is a consequence of [20, Proposition 3.4].
(ii). First note that, by Theorem 2.6(i), K is a semidualizing S-module. By Lemma 2.5 and [20,
Proposition 3.1], one has the commutative diagram
0−→ kerηRK(M) −→ M
ηRK(M)−→ ExtnR(Ext
n
R(M,K),K) −→ cokerη
R
K(M) −→ 0
↓q ↓ ∼=
0−→ Ext1S(TrKM,K) −→ M −→ HomS(HomS(M,K),K) −→ Ext
2
S(TrKM,K) −→ 0
with exact rows. Hence we obtain the following isomorphisms
(2.8.1) kerηRK(M)
∼= Ext1S(TrKM,K) and cokerη
R
K(M)
∼= Ext2R(TrKM,K).
Let P1 → P0 → M → 0 be an S-projective presentation of M. Dualizing with respect to K, we get the
exact sequence 0→ HomS(M,K)→ HomS(P0,K)→ HomS(P1,K)→ TrKM → 0. Breaking into short
exact sequences and using the fact that Exti>0S (K,K) = 0 and Lemma 2.5, one obtains
(2.8.2)
Exti+2S (TrKM,K)
∼= ExtiS(HomS(M,K),K)
∼= Extn+iR (HomS(M,K),K)
∼= Extn+iR (Ext
n
R(M,K),K),
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for all i> 0. 
For an integer n, we set Xn(R) = {p ∈ SpecR | depthRp ≤ n}. Let M be an R-module. We say that M
has finite GK-dimension on X
n(R), provided that GKp-dimRp
(Mp) < ∞ for all p ∈ X
n(R). For a positive
integer n, an R-module M is called an nth K-syzygy if there exists an exact sequence of R-modules
0−→M −→ P0⊗RK −→ ·· · −→ Pn−1⊗RK, where all Pi’s are projective R-modules. This property was
investigated by Bass [6] for modules over Gorenstein rings and was extensively studied by Auslander and
Bridger [2] for modules of finite Gorenstein dimension. The following is a generalization of [2, Theorem
4.25] and [42, Theorem 43].
Theorem 2.9. Let n be a positive integer, M an R-module. Consider the statements
(i) ExtiR(TrKM,K) = 0 for all i, 1≤ i≤ n;
(ii) M is an nth K-syzygy module;
(iii) depthRp(Mp)≥min{n,depthRp} for all p ∈ SpecR.
Then the following implications hold true.
(a) (i)⇒(ii)⇒(iii).
(b) If M has finite GK-dimension on X
n−2(R), then (ii)⇒(i).
(c) If M has finite GK-dimension on X
n−1(R), then (iii)⇒(i).
Proof. As parts (a) and (c) follow from [16, Proposition 2.4], we only need to prove part (b). We argue
by induction on n. Assume that n= 1 and so M is a first K-syzygy module. We obtain the commutative
diagram
0 −−−−→ M −−−−→ CyηRK(M) yηRK(C)
M▽▽ −−−−→ C▽▽,
where C = P0⊗RK for some projective module P0. Note that C is totally K-reflexive. Hence, by defini-
tion, the map ηRK(C) is an isomorphism which implies that η
R
K(M) is injective. Now the assertion follows
from Lemma 2.8(i). Assume that n > 1. Hence, by the induction hypothesis, ExtiR(TrKM,K) = 0 for
1 ≤ i ≤ n− 1. There exists an exact sequence 0→ M
f
→C→ N → 0 such that C = P⊗R K for some
projective R-module P and N is an (n−1)th K-syzygy module. Hence we get the exact sequence
(2.9.1) 0→ N▽→C▽
f▽
→M▽→ TrKN→ TrKC→ TrKM→ 0,
(see for example [16, Lemma 2.2]). As C is totally reflexive, Ext1R(C,K) = 0 and so coker( f
▽) ∼=
Ext1R(N,K). Therefore we obtain the following exact sequences, induced by (2.9.1)
(2.9.2) 0→ Ext1R(N,K)→ TrKN→ Z→ 0,
(2.9.3) 0→ Z→ TrKC→ TrKM→ 0.
Next we show that gradeR(Ext
1
R(N,K)) ≥ n− 1. Assume contrarily that gradeR(Ext
1
R(N,K)) =
depthRp for some p ∈ X
n−2(R). As N is an (n−1)th K-syzygy, depthRp(Np)≥min{n−1,depthRp}=
depthRp. Note that N has finite GK-dimension on X
n−2(R). Hence by Theorem 2.2(iii) GKp -dimRp
(Np) =
0 and so Ext1R(N,K)p = 0 which is a contradiction. Therefore gradeR(Ext
1
R(N,K)) ≥ n− 1. In other
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words, ExtiR(Ext
1
R(N,K),K) = 0 for i< n−1. Applying the functor (−)
▽ to the exact sequence (2.9.2),
we get the following long exact sequence
(2.9.4) · · · → Extn−2R (Ext
1
R(N,K),K)→ Ext
n−1
R (Z,K)→ Ext
n−1
R (TrKN,K)→ ··· .
By the induction hypothesis, ExtiR(TrKN,K) = 0 for i = n−1 so that, by (2.9.4), Ext
n−1
R (Z,K) = 0. As
C is totally K-reflexive, by Theorem 2.2, ExtiR(TrKC,K) = 0 for i> 0. Hence, applying the functor (−)
▽
to the exact sequence (2.9.3), we get ExtnR(TrKM,K) = 0 as desired. 
In the following, we give a necessary and sufficient condition for ηRK(M) to be an isomorphism.
Corollary 2.10. For an R-module M of grade n and an integer t > 1, the following statements hold true.
(i) If M has finite GK-dimension on X
n(R), then depthRp(Mp)≥min{1,depthRp−n} for all p∈ SpecR
if and only if ηRK(M) is a monomorphism.
(ii) If M has finite GK-dimension on X
n+t−1(R), then depthRp(Mp) ≥ min{t,depthRp− n} for all p ∈
SpecR if and only if ηRK(M) is an isomorphism and Ext
i
R(Ext
n
R(M,K),K) = 0 for all i, n+1≤ i≤
n+ t−2.
Proof. Let x ⊆ AnnR(M) be an ideal generated by an R-sequence of length n. Hence x is a GK-perfect
ideal of grade n. Set S = R/x and K′ = ExtnR(S,K). Note that, for an integer m > 0, depthRp(Mp) ≥
min{m,depthRp−n} for all p∈ SpecR if and only if depthSq(Mq)≥min{m,depthSq} for all q∈ SpecS.
Also, by Theorem 2.6, M has finite GK-dimension on X
m(R) for some m ≥ n if and only if it has finite
GK′-dimension on X
m−n(S). Now the assertion follows from Lemma 2.8 and Theroem 2.9. 
3. DEFINITION AND BASIC PROPERTIES OF LINKAGE
In this section, we define the notion of linkage by a reflexive homomorphism. Throughout K is a
semidualizing R-module and n is a non-negative integer. We start by introducing some notations.
Definition and Notation 3.1. Set refn(K) as the subcategory of modR consisting of all R-modules M
with grade n such that the natural map ηRK(M) :M→ Ext
n
R(Ext
n
R(M,K),K) is an isomorphism.
A subcategory X ⊆ refn(K) is called n-reflexive subcategory with respect to K if it is closed under
ExtnR(−,K) (i.e. for all M ∈X , we have Ext
n
R(M,K) ∈X ).
Note that Pn(R), the subcategory of modR consisting of all perfect R-modules of grade n, is a clas-
sical example of an n-reflexive subcategory with respect to R. Clearly, refn(K) itself is an n-reflexive
subcategory with respect to K. The following provides more examples of n-reflexive subcategories with
respect to K (see Definition 2.3 and Lemma 2.4).
Example 3.2. The following subcategories of modR are n-reflexive with respect to K.
(i) The subcategory GnK(P) of modR, consisting of all GK-perfect modules of grade n.
(ii) The subcategory GnK(G ) of modR, consisting of all GK-Gorenstein modules of grade n.
(iii) The subcategory CMn(R) of modR, consisting of all Cohen-Macaulay modules of codimension n,
where R is a Cohen-Macaulay local ring and K is a dualizing module.
Here is another example of an n-reflexive subcategory with respect to K.
Proposition 3.3. The subcategory X of modR consisting of all R-modules M of grade n such that
(i) GKp-dimRp
(Mp)< ∞ for all p ∈ X
n+1(R) (e.g. injdimRp(Kp)< ∞ for all p ∈ X
n+1(R)),
(ii) depthRp(Mp)≥min{2,depthRp−n}, for all p ∈ SpecR.
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is an n-reflexive subcategory with respect to K.
Proof. By Corollary 2.10(ii), X ⊆ refn(K). Let M ∈X . We show that Ext
n
R(M,K) ∈X . By Lemma
2.7, gradeR(Ext
n
R(M,K)) = n. Now we prove that Ext
n
R(M,K) satisfies condition (i). It follows from our
assumptions and Theorem 2.2(iii) that
(3.3.1) n≤ gradeRp(Mp)≤ GKp-dimRp
(Mp) = depthRp−depthRp(Mp)≤ n,
for all p ∈ Xn+1(R). In other words, for all p ∈ Xn+1(R), Mp is a GKp -perfect Rp-module of grade
n and so, by Lemma 2.4(i), ExtnR(M,K)p is a GKp -perfect Rp-module of grade n. In particular,
GKp-dimRp
(ExtnR(M,K)p) < ∞. Now, we show that Ext
n
R(M,K) satisfies in the condition (ii). Choose
an ideal x ⊆ AnnR(M), generated by an R-sequence of length n. Set S = R/x and K
′ = ExtnR(S,K).
Note that, by Theorem 2.6, K′ is a semidualizing S-module. Let P1 → P0 → M → 0 be a S-projective
presentation of M. Dualizing with respect to K′ one gets the following exact sequence
(3.3.2) 0→ HomS(M,K
′)→ HomS(P0,K
′)→ HomS(P1,K
′).
By Lemma 2.5, ExtnR(M,K)
∼= HomS(M,K
′). Hence, it follows from (3.3.2) that ExtnR(M,K) is a second
K′-syzygy S-module. Therefore, depthSp(Ext
n
R(M,K)p) ≥ min{2,depthSp}, for all p ∈ SpecS. This is
equivalent to what we want to achieve. 
For a subcategory X of modR, let Epi(X ) to be the set of R-epimorphisms φ : X։M, where X ∈X
and M ∈modR with gradeR(M) = gradeR(X). Whenever, X is an n-reflexive subcategory with respect
to K, we call φ as a reflexive homomorphism (with respect to X ).
Given a homomorphism φ ∈ Epi(X ) we want to construct a new reflexive homomorphism LnK(φ).
Definition 3.4. Let X ⊆ mod(R) be an n-reflexive subcategory with respect to K and let φ ∈ Epi(X ).
Consider the exact sequence 0→ kerφ
j
→ X → imφ → 0, where X ∈X . Applying the functor (−)▽ =
HomR(−,K) and using the fact that gradeR(kerφ) = n, imply the exact sequence
0→ ExtnR(imφ ,K)→ Ext
n
R(X ,K)→ Ext
n
R(kerφ ,K)→ Ext
n+1
R (imφ ,K)→ Ext
n+1
R (X ,K).
Define LnK(φ) : Ext
n
R(X ,K)։ im(Ext
n
R( j,K)) as the epimorphism induced by Ext
n
R( j,K). Therefore one
has exact sequences
(3.4.1) 0→ ExtnR(imφ ,K)→ Ext
n
R(X ,K)→ imL
n
K(φ)→ 0,
(3.4.2) 0→ imLnK(φ)→ Ext
n
R(kerφ ,K)→ Ext
n+1
R (imφ ,K)→ Ext
n+1
R (X ,K).
We summarize some basic properties of LnK(φ) in the following theorem which is a generalization
of [50, Proposition 3.4].
Theorem 3.5. Let X be an n-reflexive subcategory with respect to K and let φ ∈ Epi(X ) be a homo-
morphism which is not injective. Then the following statements hold true.
(i) LnK(φ) ∈ Epi(X ).
(ii) imLnK(φ) is a grade-unmixed R-module.
(iii) The image of the canonical map ηRK(imφ) is isomorphic to imL
n
K(L
n
K(φ)). In particular, there
exists the exact sequence 0→ Extn+1R (TrKΩ
n imφ ,K)→ imφ → imLnK(L
n
K(φ))→ 0.
(iv) If ηRK(imφ ) is injective, then kerφ
∼= ExtnR(imL
n
K(φ),K).
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Proof. (i) and (ii). First note that kerφ is a non-zero module of grade n. Hence, by Lemma 2.7,
ExtnR(kerφ ,K) is grade-unmixed of grade n. It follows from the exact sequence (3.4.2) that depthRp = n
for all p ∈ AssR(imLnK(φ)). Hence imL
n
K(φ) is also a grade-unmixed module of grade n. As X is
n-reflexive with respect to K, ExtnR(X ,K) ∈X for all X ∈X and so L
n
K(φ) ∈ Epi(X ).
(iii). Consider the exact sequence 0→ kerφ → X
φ
→ imφ → 0, where X ∈X . Applying the functor
(−)▽ := HomR(−,K), implies the exact sequence 0→ Ext
n
R(imφ ,K)→ Ext
n
R(X ,K)→ imL
n
K(φ)→ 0,
which induces the following exact sequence
0→ ExtnR(imL
n
K(φ),K)→ Ext
n
R(Ext
n
R(X ,K),K)
φ ′′
→ ExtnR(Ext
n
R(imφ ,K),K),
where φ ′′ = ExtnR(Ext
n
R(φ ,K),K). Moreover, one has the commutative diagram
X
φ
−−−−→ imφyηRK(X) yηRK(imφ)
ExtnR(Ext
n
R(X ,K),K)
φ ′′
−−−−→ ExtnR(Ext
n
R(imφ ,K),K).
As X ∈ X , we have ηRK(X) is an isomorphism. It follows from the above commutative diagram that
im(ηRK(imφ)) = im(φ
′′) = im(LnK(L
n
K(φ))). Now the assertion follows from Lemma 2.8(i).
(iv). By part (iii), imφ ∼= im(LnK(L
n
K(φ))) and we have the commutative diagram
0 −−−−→ kerφ −−−−→ X
φ
−−−−→ imφ −−−−→ 0y∼= y∼=
0 −−−−→ ExtnR(imL
n
K(φ),K) −−−−→ Ext
n
R(Ext
n
R(X ,K),K) −−−−→ im(L
n
K(L
n
K(φ))) −−−−→ 0,
with exact rows. Now, by the commutativity of the above diagram, the assertion follows. 
Definition 3.6. Let X be a subcategory of modR. Two epimorphism φ : X ։M,ψ :Y ։ N in Epi(X )
are said to be equivalent and denoted by φ ≡ ψ , provided that there exist isomorphisms α :M
∼=
→ N and
β : X
∼=
→Y such that the diagram
X
φ
−−−−→ Myβ yα
Y
ψ
−−−−→ N
is commutative. It is easy to see that ≡ is an equivalence relation in Epi(X ).
Lemma 3.7. Let X be an n-reflexive subcategory with respect to K and let φ ,ψ ∈ Epi(X ). Then the
following statements hold true.
(i) If φ ≡ ψ , then LnK(φ) ≡ L
n
K(ψ). In particular, imL
n
K(φ)
∼= imLnK(ψ).
(ii) φ ≡ LnK(L
n
K(φ)) if and only if there exists µ ∈ Epi(X ) such that φ ≡ L
n
K(µ) and µ ≡ L
n
K(φ).
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Proof. (i). Let φ : X →M and ψ : Y → N, where X ,Y ∈X . There exist isomorphisms α :M
∼=
→ N and
β : X
∼=
→Y such that ψ ◦β = α ◦φ . Hence, there is a map γ : kerφ → kerψ making the diagram
0 −−−−→ kerφ −−−−→ X
φ
−−−−→ M −−−−→ 0yγ yβ yα
0 −−−−→ kerψ −−−−→ Y
ψ
−−−−→ N −−−−→ 0.
commutative. Now, by the snake lemma, γ is an isomorphism. Applying the functor ExtnR(−,K) to the
above commutative diagram, gives the commutative diagram (see (3.4.1))
0 −−−−→ ExtnR(N,K) −−−−→ Ext
n
R(Y,K)
LnK(ψ)−−−−→ imLnK(ψ) −−−−→ 0.yα ′ yβ ′ yγ ′
0 −−−−→ ExtnR(M,K) −−−−→ Ext
n
R(X ,K)
LnK (φ)−−−−→ imLnK(φ) −−−−→ 0
As α ′ = ExtnR(α ,K), β
′ = ExtnR(β ,K) are isomorphisms, so is γ
′. Hence LnK(φ) ≡ L
n
K(ψ).
(ii). follows from part (i). 
We are now in the position to introduce the notion of linkage of modules by reflexive morphisms.
Definition 3.8. Let X be an n-reflexive subcategory with respect to K and let φ ,ψ ∈ Epi(X ). Two
R-modules M, N are said to be linked with respect to X , in one step (or directly), by the pair (φ ,ψ)
provided that the following conditions hold.
(i) M = imφ and N = imψ .
(ii) φ ≡ LnK(ψ) and ψ ≡ L
n
K(φ).
In this situation, we writeM ∼
(φ ,ψ)
N (or simplyM ∼ N). Equivalently, an R-moduleM is said to be linked
by a reflexive homomorphism φ , if M = imφ and M ∼= imLnK(L
n
K(φ)) (see Lemma 3.7).
Notice that the above definition is symmetric in the following sense: M ∼
(φ ,ψ)
N if and only if N ∼
(ψ ,φ)
M.
Here is a characterization of a linked module in terms of the homomorphism ηRK(−). The following
should be compared with [41, Theorem 2].
Corollary 3.9. LetX be an n-reflexive subcategory with respect to K and let M be an R-module. Assume
that φ ∈ Epi(X ) is a non-injective homomorphism such that im(φ) =M. The following statements are
equivalent.
(i) M is linked by φ .
(ii) Extn+1R (TrKΩ
nM,K) = 0.
(iii) ηRK(M) is injective.
Proof. This is an immediate consequence of Theorem 3.5.(iii) and [44, Theorem 2.4]. 
Corollary 3.10. Let X be an n-reflexive subcategory with respect to K and let M be an R-module.
Assume that φ is a non-injective homomorphism in Epi(X ) such that im(φ) =M. If M has finite GK-
dimension on Xn(R) (e.g. injdimRp(Kp)< ∞ for all p ∈X
n(R)), then the following statements are equiv-
alent.
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(i) M is linked by φ .
(ii) M is grade-unmixed.
(iii) depthRp(Mp)≥min{1,depthRp−n} for all p ∈ SpecR.
Proof. (i)⇒(ii). As M is linked by φ , M ∼= imLnK(L
n
K(φ))). Hence M is grade-unmixed by Theorem
3.5(i), (ii).
(ii)⇒(iii). Let depthRp(Mp) = 0 for some p ∈ SpecR. Hence p ∈ AssR(M) and so depthRp = n,
because M is grade-unmixed.
(iii)⇒(i). The assertion follows from Corollary 2.10(i), Lemma 2.8(i) and Corollary 3.9. 
The following is an immediate consequence of Corollary 3.10 and [27, Remarks 0.1, 0.2].
Corollary 3.11. Let R be a Gorenstein local ring and let I be an ideal of grade n. Assume that x ( I is
an ideal generated by a regular sequence of length n and that φ : R/x։ R/I is the natural epimorphism.
Then R/I is linked by φ with respect to Pn(R) if and only if I = (x :R (x :R I)).
In the following we collect some examples of linked modules (see also Example 4.1).
Example 3.12. (i) Let X be an n-reflexive subcategory with respect to K which is closed under direct
sum (i.e. ifM,N ∈X , thenM⊕N ∈X ). Every two modules in X are directly linked with respect
to X . This is an immediate consequence of the exact sequence
0→ ExtnR(N,K)→M⊕Ext
n
R(N,K)→M→ 0
and Corollary 3.9. In particular, M is directly linked to
t
⊕M for every M ∈X and an integer t > 0.
Also, everyM ∈X is self-linked with respect to X . For example, everyM ∈ refn(K) is self-linked
with respect to refn(K).
(ii) Let M be a grade-unmixed R-module of finite GK-dimension with grade n. Assume that I ⊆
AnnR(M) is an ideal of R such that R/I ∈ refn(K). If φ : F ։M is a non-injective epimorphism
where F is a free R/I-module, then M is linked by φ with respect to refn(K). This is an immediate
consequence of Corollary 3.10.
(iii) Let Rp be Gorenstein for all p ∈ X
n(R) and let M be a grade-unmixed R-module. Assume that
gradeR(M) = n and that c ⊆ AnnR(M) is an ideal generated by a regular sequence of length n. If
φ : F ։ M is a non-injective epimorphism where F is a free R/c-module, then M is linked by φ
with respect to Pn(R). This is an immediate consequence of Corollary 3.10.
Remark 3.13. There are several notions of module linkage in the literature that have been developed
independently. Yoshino and Isogawa [69] introduced the notion of linkage for Cohen-Macaulay modules
over a Gorenstein local ring. Martsinkovsky and Strooker [41] generalized the notion of linkage for
modules over semiperfect rings by using the operator λR := ΩRTrR. This notion includes the concept
of linkage due to Yoshino and Isogawa (see [41, Remark on page 594]). Here we observe that the
notion of the linkage of modules by reflexive homomorphisms includes the notions of linkage due to
Martsinkovsky and Strooker [41], Nagel [50], and Iima and Takahashi [33].
(I) Horizontal linkage (Martsinkovsky-Strooker). Let R be a semiperfect ring. Two R-modules M
and N are said to be horizontally linked ifM ∼= λRN and N ∼= λRM. An R-moduleM is horizontally
linked (to λRM) if and only if it has no projective summands and Ext
1
R(TrM,R) = 0 [41, Theorem
2]. Two R-modules M and N are said to be linked by an ideal c, if c ⊆ AnnR(M)∩AnnR(N) and
M, N are horizontally linked as R/c-modules.
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Let R be a semiperfect ring and let M be an R-module. Assume that P
φ
→M→ 0 is a projective
cover of M. It is clear that M is horizontally linked, in the sense of Martsinkovsky-Strooker
definition, if and only if M is linked by φ with respect to P0(R).
(II) Linkage of modules by a quasi-Gorenstein module (Nagel). Let R be a Gorenstein local ring.
An R-module M is said to be quasi-Gorenstein if it is perfect and there is an isomorphism M
≃
→
ExtnR(M,R), where n= pdR(M) (see also [50, Definition 2.1] for the graded version).
Let C be a quasi-Gorenstein R-module of codimension n. Following [50], the set of R-
homomorphisms φ : C → M where M is an R-module and imφ has the same dimension as C
is denoted by Epi(C). For φ ∈ Epi(C), the exact sequence 0 → kerφ → C → imφ → 0 in-
duces the long exact sequence 0→ ExtnR(imφ ,R)→ Ext
n
R(C,R)
f
→ ExtnR(kerφ ,R)→ ··· . By as-
sumption there is an isomorphism α : C
≃
→ ExtnR(C,R). Hence we obtain the homomorphism
LC(φ) := f ◦ α : C → Ext
n
R(kerφ ,R). Now we are ready to recall the definition of linkage of
modules by a quasi-Gorenstein module (see [50, Definition 3.7]).
Let R be a Gorenstein local ring. Two R-modules M, N are said to be linked in one step by the
quasi-Gorenstein module C if there are homomorphisms φ ,ψ ∈ Epi(C) such that
(i) M = imφ and N = imψ .
(ii) M ∼= imLC(ψ) and N ∼= imLC(φ).
Note that, over a Gorenstein local ring, this notion includes the concept of linkage due to
Martsinkovsky and Strooker (see [50, Remark 3.20] for more details).
Let R be a Gorenstein local ring and let C be a quasi-Gorenstein R-module. It follows from the
definition that X = {C} is an n-reflexive subcategory with respect to R, where n = gradeR(C).
Assume that M is an R-module and that φ ∈ Epi(C) is an R-homomorphism with imφ =M. Now
it is easy to see that M is linked by C, in the sense of Nagel’s definition, if and only if it is linked
by φ with respect to X .
(III) Perfect linkage (Iima-Takahashi). Let R be a Cohen-Macaulay local ring with dualizing module
ω and let M be a Cohen-Macaulay R-module of codimension n. A surjective homomorphism
f : P։ M is called a perfect morphism of M if P is a perfect R-module of codimension n. For
a perfect morphism f of M, we define the perfect link L fM of M with respect to f by L fM =
ExtnR(ker f ,ω). Note that L fM is again a Cohen-Macaulay R-module of codimension n, and there
exists a perfect morphism g of L fM such that LgL fM ∼=M. Two Cohen-Macaulay R-modules M
and N of codimension n are called perfectly linked if there exists a perfect morphism f of M such
that L fM ∼= N. This notion includes the concept of linkage due to Yoshino and Isogawa.
Let R be a Cohen-Macaulay local ring with dualizing module ω and letM be a Cohen-Macaulay
R-module of codimension n. Assume that P
φ
→M→ 0 is a perfect morphism of M. It is clear that
M is perfectly linked, in the sense of Iima-Takahashi definition, if and only if it is linked by φ with
respect to CMn(R).
Definition 3.14. Let m > 0 be an integer. Two R-modules M and N are said to be linked in m steps
if there are modules N0 = M,N1, · · · ,Nm−1,Nm = N such that Ni and Ni+1 are directly linked for all
i= 0, · · · ,m−1. If m is even, thenM and N are said to be evenly linked. Module liaison is the equivalence
relation generated by directly linkage. Its equivalence classes are called liaison classes. More precisely,
we say that R-modules M and N belong to the same liaison class if they are linked in some positive
number of steps. Even linkage also generates an equivalence relation. Its equivalence classes are called
even liaison classes.
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In the following, we recall the definitions of two important classes of modules related to a fixed
semidualizing R-module, due to Foxby [20] (see also [4], [13]).
Definition 3.15. (Foxby Classes)
(a) The Auslander class with respect to K, denoted by AK(R), consists of all R-modules M satisfying
the conditions.
(i) The natural map µRK(M) :M −→ HomR(K,M⊗RK) is an isomorphism.
(ii) TorRi (M,K) = 0= Ext
i
R(K,M⊗RK) for all i> 0.
(b) The Bass class with respect to K, denoted by BK(R), consists of all R-modules M satisfying the
conditions.
(i) The evaluation map νRK(M) : K⊗RHomR(K,M)−→M is an isomorphism.
(ii) TorRi (HomR(K,M),K) = 0= Ext
i
R(K,M) for all i> 0.
Note that the Auslander class AK(R) (resp. Bass class BK(R)) contains every R-module of finite
projective (resp. injective) dimension. Recall that a subcategory X of modR is called thick if two
terms of any exact sequence 0→ X → Y → Z → 0 in modR are in X , then so is the third one. In the
following, CI-dimR(−) denotes the complete intersection dimension [5]. Here are some examples of
thick subcategories.
Example 3.16. Let N be an R-module. The following subcategories of modR are thick.
(i) The subcategory of modR consisting of all modules of finite GK-dimension.
(ii) The subcategory of modR consisting of all modules of finite projective (injective) dimension.
(iii) {M ∈modR | ExtiR(M,N) = 0 for i≫ 0}.
(iv) {M ∈modR | ExtiR(N,M) = 0 for i≫ 0}.
(v) {M ∈modR | TorRi (M,N) = 0 for i≫ 0}.
(vi) {M ∈modR |M ∈AK(R)}.
(vii) {M ∈modR |M ∈BK(R)}.
(viii) {M ∈modR | CI-dimR(M)< ∞}.
Proposition 3.17. Let X be an n-reflexive subcategory. The following statements hold true.
(i) Let M and N be R-modules in the same liaison class with respect to X . If X is a thick subcategory,
then M ∈X if and only if N ∈X .
(ii) Assume that Y is a thick subcategory of modR containing X . Let M and N be R-modules in the
same even liaison class with respect to X . Then M ∈ Y if and only if N ∈ Y .
Proof. (i). Without loss of generality one may assume that M is directly linked to N. Hence there exists
φ ∈ Epi(X ) such that N = im(φ) andM ∼= imLnK(φ). By Theorem 3.5(iv) and Corollary 3.9, we obtain
the exact sequence 0→ ExtnR(M,K) → X → N → 0, where X ∈ X . Suppose that M ∈ X . Hence
ExtnR(M,K) ∈X . It follows from the above exact sequence that N ∈X , because X is thick. The other
side follows from the symmetry.
(ii). Without loss of generality we may assume that M is linked to N in two steps. Hence there exists
an R-module C such that M ∼C ∼ N. In other words, there exist φ ,ψ ∈ Epi(X ) such that M = im(φ),
N = im(ψ) and imLnK(ψ) ∼=C ∼= imL
n
K(φ). By Theorem 3.5(iv) and Corollary 3.9, we have the exact
sequences 0→ExtnR(C,K)→X→M→ 0 and 0→Ext
n
R(C,K)→Y →N→ 0,where X ,Y ∈X ⊆Y . As
Y is thick, it follows from the above exact sequences thatM ∈Y ⇐⇒ ExtnR(C,K)∈Y ⇐⇒N ∈Y . 
LINKAGE OF MODULES BY REFLEXIVE MORPHISMS 15
Corollary 3.18. Let M and N be R-modules in the same even liaison class with respect to Pn(R).
Assume that X is an R-module. Then the following statements hold true.
(i) M ∈AK(R) if and only if N ∈AK(R).
(ii) pdR(M)< ∞ if and only if pdR(N)< ∞.
(iii) Exti≫0R (M,X) = 0 if and only if Ext
i≫0
R (N,X) = 0.
(iv) TorRi≫0(M,X) = 0 if and only if Tor
R
i≫0(N,X) = 0.
(v) If G -dimR(X)< ∞, then Ext
i≫0
R (X ,M) = 0 if and only if Ext
i≫0
R (X ,N) = 0.
(vi) GK-dimR(M)< ∞ if and only if GK-dimR(N)< ∞.
(vii) CI-dimR(M)< ∞ if and only if CI-dimR(N)< ∞.
Proof. Note that every module of finite projective dimension satisfies in all of the above conditions
(see [2, Theorem 4.13] for the case (v) and [5, Theorem 1.4] for the case (vii)). Hence the assertion
follows from Proposition 3.17(ii) and Example 3.16. 
An ideal a is said to be grade-unmixed provided R/a is a grade-unmixed R-module. In the following
we consider the linkage for cyclic modules and compare it with the classical linkage.
Theorem 3.19. Let I be a grade-unmixed ideal of finite GK-dimension and let c ( I be a GK-perfect
ideal with grade(c) = n = grade(I). Set K = ExtnR(R/c,K) and I = I/c. Then R/I is directly linked to
K/(0 :K I) with respect to G
n
K(P).
Proof. Applying the functor HomR(−,K) to the exact sequence 0→ I/c→ R/c
φ
→ R/I→ 0 implies the
exact sequence 0 −→ ExtnR(R/I,K) −→ Ext
n
R(R/c,K)
LnK(φ)−→ imLnK(φ) −→ 0. Note that, by Corollary
3.10, R/I is linked to imLnK(φ) by φ . Now from Lemma 2.5, we obtain the commutative diagram
0 −−−−→ ExtnR(R/I,K) −−−−→ Ext
n
R(R/c,K) −−−−→ imL
n
K(φ) −−−−→ 0y∼= y∼=
0 −−−−→ HomR/c(R/I,K) −−−−→ HomR/c(R/c,K)
f
−−−−→ HomR/c(I,K).
It follows that imLnK(φ) ∼= im f . Finally, using the commutative diagram
0 −−−−→ HomR/c(R/I,K) −−−−→ HomR/c(R/c,K) −−−−→ im f −−−−→ 0y∼= y∼=
0 −−−−→ (0 :K I) −−−−→ K −−−−→ K/(0 :K I) −−−−→ 0.
we get the isomorphism im f ∼= K/(0 :K I). 
As an immediate consequence of Theorem 3.19 we have the following result.
Corollary 3.20. Let R be a Cohen-Macaulay local ring with dualizing module ωR and let I be an unmixed
ideal. Assume that c ⊆ I is a Cohen-Macaulay ideal with grade(c) = n = grade(I). Set S = R/c, ωS =
ExtnR(S,ωR) and I= I/c. Then R/I is directly linked to ωS/(0 :ωS I)with respect toCM
n(R). In particular,
if c is a Gorenstein ideal, then R/I is directly linked to R/(c : I) with respect to CMn(R).
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Let R be a Gorenstein local ring and let I be an ideal of grade n. It follows from Corollary 3.20 that
I is linked by a Gorenstein ideal if and only if R/I is linked with respect to CMn(R) in the sense of the
new definition. The following is a generalization of [41, Proposition 6] and [50, Corollary 4.2].
Proposition 3.21. Let X be an n-reflexive subcategory with respect to K and let M, N be R-modules
that are directly linked with respect to X . The following statements hold true.
(i) AssR(M)∪AssR(N)⊆ {p ∈ SpecR | depthRp = n}.
(ii) If R satisfies the Serre’s conditions (Sn+1) and X ⊆ G
n
K(P), then
AssR(M)∪AssR(N) = {p ∈ SuppR(M)∪SuppR(N) | depthRp = n}.
Proof. (i). Let p ∈ AssR(M) and let x be an ideal generated by a regular sequence of length n contained
in AnnR(M). Set S = R/x, K = K⊗R S and p = p/x so that K is a semidualizing S-module. It follows
from Lemma 2.8 and Corollary 3.9 that Ext1S(TrKM,S) = 0. In other words, the natural homomorphism
M→ HomS(HomS(M,K),K) is injective (see (2.1.3)). It follows from [43, Proposition 9.A] that
p ∈ AssS(M)⊆ AssS(HomS(HomS(M,K),K))⊆ AssS(K) =AssS.
Therefore depthRp−n= depthSp = 0. By symmetry, AssR(N)⊆ {p ∈ SpecR | depthRp = n}.
(ii). By Theorem 3.5(iv) and Corollary 3.9, one gets the exact sequence
(3.21.1) 0→ ExtnR(M,K)→ X → N→ 0,
where X ∈X . Let p∈ SuppR(M)∪SuppR(N) such that depthRp = n. It follows from the exact sequence
(3.21.1) that p ∈ SuppR(X). As X ∈ G
n
K(P), we have n= GKp -dimRp
(Xp) = depthRp−depthRp(Xp) by
Theorem 2.2(iii). Therefore depthRp(Xp)= 0 and so p∈AssR(X)⊆AssR(N)∪AssR(Ext
n
R(M,K)), where
the inclusion follows from the exact sequence (3.21.1). If p ∈ AssR(N), then we have nothing to prove
so let p ∈ AssR(Ext
n
R(M,K)). As R satisfies (Sn+1) and gradeR(M) = n, it is clear that p ∈MinR(M) ⊆
AssR(M). Now the assertion follows from part (i). 
4. GK -PERFECT LINKAGE
In this section, we investigate the GK-perfect linkage which is a generalization of Gorenstein linkage.
It is shown that several results known for Gorenstein linkage are still true in the more general case
of GK-perfect linkage. We prove our first main result, Theorem 1.1), in this section. Throughout this
section, unless otherwise specified, Xn = G
n
K(P) is the subcategory of modR consisting of all GK-
perfect R-modules of grade n. Note that if K is a dualizing module, then Xn = CM
n(R), the category of
Cohen-Macaulay R-modules of codimension n. We first review some facts about the GK-perfect linkage.
Example 4.1. The following statements hold true.
(i) Every two GK-perfect modules are linked directly. In particular, M is directly linked to
t
⊕M for
every GK-perfect module M and an integer t ≥ 0.
See Example 3.12(i).
(ii) Let M be a grade-unmixed R-module of finite GK-dimension. Assume that I ⊆ AnnR(M) is a GK-
perfect ideal of R such that grade(I) = n= grade(M). If φ : F։M is a non-injective epimorphism
where F is an free R/I-module, then M is linked by φ with respect to Xn.
This is an immediate consequence of Corollary 3.10 and Example 3.2(i).
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(iii) Let R be a Cohen-Macaulay local ring with dualizing module ω and let M be an unmixed R-module.
Assume that I ⊆ AnnR(M) is a Cohen-Macaulay ideal with the same grade n. If φ : F ։ M is a
non-injective epimorphism where F is a free R/I-module, then M is linked by φ with respect to
CMn(R).
This is a special case of part (ii).
(iv) Let R be a Cohen-Macaulay local ring with dualizing module ω and let M be an unmixed R-module.
Assume that 0→ Y → X
φ
→M→ 0 is a maximal Cohen-Macaulay approximation of M, where X
is maximal Cohen-Macaulay R-module and injdimR(Y ) < ∞ (see [3]). Let I ⊆ AnnR(M) be a
complete intersection ideal with the same grade n such that ψ = φ ⊗RR/I is not injective. Then M
is linked by ψ with respect to CMn(R).
This is an immediate consequence of Corollary 3.10 and Example 3.2(iii).
Lemma 4.2. For every φ ∈ Epi(Xn), coker(η
R
K(imφ))
∼= Extn+1R (imL
n
K(φ),K).
Proof. First note that if φ is an isomorphism, then coker(ηRK(imφ)) = 0= Ext
n+1
R (imL
n
K(φ),K). Hence
we may assume that kerφ 6= 0 . Consider the exact sequence 0→ kerφ → X
φ
→ imφ → 0, where X ∈Xn.
Applying the functor (−)▽ = HomR(−,K) implies the following exact sequence (see 3.4.1).
(4.2.1) 0→ ExtnR(imφ ,K)→ Ext
n
R(X ,K)
LnK (φ)−→ imLnK(φ)→ 0.
By Lemma 2.4, ExtnR(X ,K) ∈ Xn. In particular, by Theorem 2.2(i), Ext
i
R(Ext
n
R(X ,K),K) = 0 for all
i> n. Again applying the functor (−)▽ to (4.2.1) implies the commutative diagram
X
φ
−−−−→ imφ −−−−→ 0yηRK(X) yηRK(imφ)
ExtnR(Ext
n
R(X ,K),K)
φ ′
−−−−→ ExtnR(Ext
n
R(imφ ,K),K)
f
−−−−→ Extn+1R (imL
n
K(φ),K) −−−−→ 0,
where φ ′ = ExtnR(Ext
n
R(φ ,K),K). As X ∈ Xn, η
R
K(X) is an isomorphism. It follows from the com-
mutativity of the above diagram that ker( f ) = im(φ ′) = im(ηRK(imφ)) and so coker(η
R
K(imφ))
∼=
Extn+1R (imL
n
K(φ),K). 
Corollary 4.3. Let M and N be R-modules which are directly linked with respect to Xn. Then the
following statements hold true.
(i) There exists the exact sequence 0→M
ηRK(M)−→ ExtnR(Ext
n
R(M,K),K)→ Ext
n+1
R (N,K)→ 0.
(ii) Extn+iR (N,K)
∼= Extn+i−1R (Ext
n
R(M,K),K) for all i> 1.
Proof. (i). By definition, there exists φ ∈ Epi(Xn) such that M = im(φ) and N ∼= imLnK(φ). Now the
assertion follows from Lemma 4.2 and Corollary 3.9.
(ii). By Theorem 3.5(iv) and Corollary 3.9, we have the exact sequence
(4.3.1) 0→ ExtnR(M,K)→ X → N→ 0,
where X ∈ Xn = G
n
K(P). Applying the functor (−)
▽ = HomR(−,K) to the exact sequence (4.3.1)
implies the long exact sequence
(4.3.2) · · · → ExtiR(X ,K)→ Ext
i
R(Ext
n
R(M,K),K)→ Ext
i+1
R (N,K)→ Ext
i+1
R (X ,K)→ ··· .
Note that, by Theorem 2.2(i), ExtiR(X ,R) = 0 for all i > n. Hence the assertion follows from the exact
sequence (4.3.2). 
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Recall that an R-module M is called C -perfect provided that gradeR(M) = CI-dimR(M). Therefore,
over complete intersection local rings, the category of C -perfect modules coincides with the category of
Cohen-Macaulay modules. Note thatM is C -perfect if and only if it is GR-perfect and has finite complete
intersection dimension (see [5] for more details). We denote by C(P) the category of C -perfect modules.
Lemma 4.4. Let M ∈ C(P) be an R-module of grade n. Then ExtnR(M,R) ∈ C(P).
Proof. By Lemma 2.4 and [5, Theorem 1.4], ExtnR(M,R) is a GR-perfect module. Hence it is enough to
show that CI-dimR(Ext
n
R(M,R))<∞. If n= 0, then the assertion follows from [8, Lemma 3.5]. Hence we
may assume that n> 0. Applying the functor (−)∗ = HomR(−,R) to a projective resolution P→M→ 0
of M implies the exact sequences
(4.4.1) 0→ P∗0 → P
∗
1 → ··· → P
∗
n → TrΩ
n−1M→ 0,
(4.4.2) 0→ ExtnR(M,R)→ TrΩ
n−1M→ X → 0,
where X is stably isomorphic to ΩTrΩnM. It follows from [5, Lemma 1.9] and [12, Lemma 3.2] that
CI-dimR(X) = 0. By the exact sequence (4.4.1), pdR(TrΩ
n−1M) < ∞. Hence, it follows from the exact
sequence (4.4.2) that CI-dimR(Ext
n
R(M,R))< ∞. 
The following should be compared with [41, Theorems 1,15] and [50, Corollary 6.10].
Theorem 4.5. Let M and N be R-modules which are in the same liaison class with respect to Xn. Then
the following statements hold true.
(i) M is GK-perfect if and only if N is GK-perfect .
(ii) If Xn = P
n(R), then M is perfect (resp. C -perfect) if and only if N is perfect (resp. C -perfect).
Proof. Without loss of generality one may assume that M is directly linked to N. Hence there exists
φ ∈ Epi(Xn) such that N = im(φ) andM ∼= imLnK(φ). By Theorem 3.5(iv) and Corollary 3.9, it follows
the exact sequence
(4.5.1) 0→ ExtnR(M,K)→ X → N→ 0,
where X ∈Xn. Suppose that M is GK-perfect. Hence, by Lemma 2.4, Ext
n
R(M,K) is GK-perfect module
of GK-dimension n. It follows from the exact sequence (4.5.1) and Theorem 2.2 that GK-dimR(N) ≤
n+1. As ηRK(M) is an isomorphism, Ext
n+1
R (N,K) = 0 by Corollary 4.3. Therefore, by Theorem 2.2(i),
gradeR(N) = n= GK-dimR(N). Similarly, one can prove the second part by using Lemma 4.4. 
Proposition 4.6. Let M and N be R-modules that are directly linked with respect to Xn. Assume that
t > 1 is an integer such that GKp-dimRp
(Mp) < ∞ for all p ∈ X
n+t−1(R) (e.g. injdimRp(Kp) < ∞ for all
p ∈Xn+t−1(R)). Then the following statements are equivalent.
(i) depthRp(Mp)≥min{t,depthRp−n} for all p ∈ SpecR.
(ii) ExtiR(N,K) = 0 for all i, n+1≤ i≤ n+ t−1.
Proof. This is an immediate consequence of Corollary 2.10(ii) and Corollary 4.3. 
Recall that an R-moduleM satisfies Serre’s condition (St) provided depthRp(Mp)≥min{t,dimRp(Mp)}
for all p ∈ SpecR. The following is a generalization of [62, Theorem 4.1].
Corollary 4.7. Let (R,m) be a Cohen-Macaulay local ring which is a homomorphic image of a Goren-
stein local ring. Assume that M and N are R-modules that are directly linked with respect to CMn(R).
The following statements are equivalent.
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(i) M satisfies the Serre’s condition (St).
(ii) Him(N) = 0 for all i, dimR(N)− t < i< dimR(N).
Proof. First note that, by Proposition 3.21 and [2, Corollary 4.6], gradeRp(Mp) = n for all p∈ SuppR(M).
As R is Cohen-Macaulay, we have dimRp(Mp) = dimRp − gradeRp(Mp) = depthRp − n for all p ∈
SuppR(M). Now the assertion follows from Proposition 4.6 and the local duality theorem. 
The property of being an mth syzygy and its relation to the vanishing of certain cohomology modules
was studied by Bass [6]. In the following we investigate the connection of being an mth K-syzygy on a
linked module with the vanishing of certain cohomology modules of its linked module.
An R-module M of codimension zero (i.e. dimR(M) = dimR) is called maximal. Clearly the grade of
a maximal module is zero.
Proposition 4.8. Let M and N be maximal R-modules of that are directly linked with respect to X0.
Assume that m> 1 is an integer such that GKp-dimRp
(Mp)< ∞ for all p ∈X
m−2(R) (e.g. injdimRp(Kp)<
∞ for all p ∈ Xm−2(R)). Then the following statements are equivalent.
(i) M is an mth K-syzygy module.
(ii) ExtiR(N,K) = 0 for all i, 1≤ i≤ m−1.
Proof. By definition, there exists homomorphism φ ∈ Epi(X0) such that M ∼= imφ and N ∼= imL0K(φ).
For m= 2, the assertion follows from Theorem 2.9(b), Lemma 2.8(i) and Corollary 4.3(i). Suppose that
m> 2. By definition, there exists the exact sequence
(4.8.1) 0−→M▽ −→ X −→ N −→ 0,
where X ∈X0 (see 3.4). The exact sequences (4.8.1) and (2.1.1) induce the isomorphisms
(4.8.2) ExtiR(N,K)
∼= Exti−1R (M
▽,K)∼= Exti+1R (TrKM,K), i> 1.
Now the assertion follows from (4.8.2) and Theorem 2.9(b). 
The following Lemmas play important roles in the proof of our main results.
Lemma 4.9. Let M and N be maximal R-modules of that are directly linked with respect to X0. Then
there exists an exact sequence 0→ N → λ piKM→ Y → 0 where pi is a projective presentation of M (see
(2.1.2)) and Y is an R-module contained in X0.
Proof. By definition, there exists an epimorphism φ : X ։M in Epi(X0) such that M = imφ and N ∼=
imL0K(φ). Take an epimorphism f : P։M where P is projective. Hence there exists a homomorphism
g : P→ X such that f = φ ◦g. Let h :Q։ coker(g) be an epimorphism where Q is projective. It induces
a homomorphism υ :Q→ X such that h= j ◦υ where j : X ։ coker(g) is the natural epimorphism. Set
P0 = P⊕Q and define homomorphisms α = ( f φ ◦υ) : P0 →M and ψ = (g υ) : P0 → X . It is easy to
see that α and ψ are epimorphisms and φ ◦ψ = α . Hence we obtain the commutative diagram
0 // kerα
ι

✤
✤
✤
// P0
ψ

α // M // 0
0 // kerφ // X
φ
// M // 0.
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Applying the functor (−)▽ to the diagram implies the commutative diagram (see (2.1.2) and (3.4.1))
0 // M▽ // X▽ _
ψ▽

L0K (φ) // imL0K(φ)
ι ′

✤
✤
✤
// 0
0 // M▽ // P▽0
// λ piKM
// 0,
where pi : P1→ P0
α
→M→ 0 is a projective presentation ofM, induced by α . As X is totally K-reflexive,
so is ker(ψ). Hence coker(ψ▽)∼= (kerψ)▽ is totally K-reflexive. It follows from the snake lemma that ι ′
is injective and coker(ψ▽)∼= coker(ι ′). Note that N ∼= imL0K(φ). Therefore we obtain an exact sequence
of the form 0→ N→ λ piKM→Y → 0, where Y is a totally K-reflexive module as desired. 
Lemma 4.10. Let M and N be R-modules which are directly linked with respect to Xn. Then there exists
an ideal x of R, generated by a regular sequence of length n contained in AnnR(M)∩AnnR(N), such
that M and N are directly linked with respect to the category of totally C-reflexive R/x-modules, where
C = ExtnR(R/x,K).
Proof. By definition, there exists an epimorphism φ : X ։ M in Epi(Xn) such that imLnK(φ) ∼= N.
Choose an ideal x ⊆ AnnR(X), generated by a regular sequence of length n. Set S = R/x and C =
ExtnR(S,K). Note that by Theorem 2.6, X is a totally C-reflexive S-module. It follows from Lemma 2.8
and Corollary 3.9 thatM is linked as an S-module by φ with respect to the category of totallyC-reflexive
S-modules. By the exact sequence (3.4.1) and Lemma 2.5, we obtain the commutative diagram
0 // ExtnR(M,K)
∼=

// ExtnR(X ,K)
∼=

LnK(φ) // imLnK(φ)

✤
✤
✤
// 0
0 // HomS(M,C) // HomS(X ,C)
L0C(φ) // imL0C(φ) // 0
with exact rows. It follows that N ∼= imLnK(φ) ∼= imL
0
C(φ). 
The theory of secondary representation has been introduced by Macdonald [38]. Let M be a nonzero
Artinian R–module. Recall that M is said to be secondary if the multiplication map by x on M is either
surjective or nilpotent for every x ∈ R. In this case, p :=
√
AnnR(M) is a prime ideal of R andM is called
a p-secondary module. Note that every Artinian R-module M has a minimal secondary representation
M =M1+ · · ·+Mn, where Mi is pi-secondary, each Mi is not redundant and pi 6= p j for all i 6= j. In this
situation, the set {p1, · · · ,pn} is independent of the choice of a minimal secondary representation of M.
This set is called the set of attached primes of M and denoted by AttR(M).
Recall that a ring R is called equidimensional if dimR/p = dimR for every minimal prime ideal p of
R. A ring R is said to be formally equidimensional if its completion R̂ is equidimensional. Clearly, every
Cohen-Macaulay local ring is formally equidimensional. Also, every homomorphic image of a regular
local ring is formally equidimensional ( see [44, Section 31]).
A subset X of SpecR is called stable under generalization provided that if p ∈ X and q ∈ SpecR with
q⊆ p, then q ∈ X. Note that every open subset of SpecR is stable under generalization.
The following is a generalization of [61, Theorem 3.3].
Theorem 4.11. Let (R,m) be a formally equidimensional local ring which is a homomorphic image of
a Cohen-Macaulay local ring. Assume that the R-modules M, N are linked with respect to Xn in an odd
number of steps and that t is a positive integer. Assume further that X is a subset of SpecR which is
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stable under generalization and that Rp is Cohen-Macaulay and GKp -dimRp
(Mp)< ∞ for all p ∈ X (e.g.
injdimRp(Kp)< ∞ for all p ∈ X). Then the following are equivalent.
(i) X⊆ St(M).
(ii) AttR(H
i
m(N))⊆ SpecR\X for all i, dimR(N)− t < i< dimR(N).
Proof. We may assume, without loss of generality, that M is directly linked to N.
(i)⇒(ii). Assume, contrarily, that p ∈ AttR(H
i
m(N))∩X for some i with dimR(N)− t < i< dimR(N).
Therefore, pRp ∈AttRp(H
i−dimR/p
pRp
(Np)) by [51, Theorem 1.1]. As p ∈ X ⊆ St(M), we have H
j
pRp
(Np) = 0
for all j, dimRp(Np)− t < j < dimRp(Np) by Corollary 4.7. Note that, by [44, Theorem 31.5], R is
equidimensional and catenary. Hence height(p2/p1) = height(p2)− height(p1) for all p1,p2 ∈ SpecR
with p1 ⊆ p2 (see [44, Lemma 2 on page 250]). There exists a prime ideal q ∈ MinR(N) such that
dimRp(Np) = height(p/q). Therefore we have the following equalities
(4.11.1) dimRp(Np)+dimR/p= height(p/q)+height(m/p) = dimR/q= dimR(N),
where the last equality follows from Proposition 3.21. It follows from (4.11.1) that dimRp(Np)− t <
i−dimR/p < dimRp(Np). In particular, H
i−dimR/p
pRp
(Np) = 0 and so AttRp(H
i−dimR/p
pRp
(Np)) = /0 which is a
contradiction.
(ii)⇒(i). By Lemma 4.10, there exists an ideal x ⊆ AnnR(M)∩AnnR(N), generated by a regular
sequence of length n such that M and N are directly linked with respect to totally C-reflexive S-modules,
where S = R/x and C = ExtnR(S,K). Consider the natural epimorphism f : R։ S and set X = f (X) =
{p ∈ SpecS | p= P/x for some P ∈ X}. It is clear that X is stable under generalization and Sp is Cohen-
Macaulay for all p ∈ X. Also, by Theorem 2.6, GCp-dimSp
(Mp)< ∞ for all p ∈ X. On the other hand, by
the independence Theorem [9, Theorem 4.2.1], Him(M)
∼= Him/x(M) for all i. Also, by [45, Proposition
4.1], AttR(H
i
m(M)) = {p∩R | p∈AttS(H
i
m(M))}. Hence, without loss of generality, we may assume that
M and N are maximal R-modules which are directly linked with respect to X0. Assume contrarily that
X * St(M). Set Y= {p ∈ X |Mp does not satisfy (St)}. Let p0 be a minimal element of Y with respect
to the inclusion relation. Here is our first claim.
Claim (I). ExtiR(TrKM,K)p0 6= 0 for some i, 1≤ i≤ t.
Proof of Claim (I). Assume contrarily that ExtiR(TrKM,K)p0 = 0 for all i, 1≤ i≤ t. By Theorem 2.9
(4.11.2) depthRq(Mq)≥min{t,depthRq} for all prime ideal q⊆ p0.
Note that, for all prime ideal q with q⊆ p0, the local ring Rq is Cohen-Macaulay and so
(4.11.3) dimMq = dimRq−gradeRq(Mq) = depthRq,
where the second equality follows from the fact that M is maximal. It follows from (4.11.2) and (4.11.3)
that p0 ∈ St(M) which is a contradiction. Thus, the proof of the claim (I) is complete.
Set s = min{ j | Ext jR(TrKM,K)p0 6= 0}. It follows from Corollary 3.9 and Claim (I) that 1 < s ≤ t.
Note that q ∈ St(M) for all prime ideal q ∈ SpecR with q( p0, because p0 is a minimal element of Y and
X is stable under generalization. It follows from (4.11.2) and Theorem 2.9 that
(4.11.4) ExtsR(TrKM,K)q = 0 for all prime ideal q with q( p0.
Therefore p0 ∈MinR(Ext
s
R(TrKM,K)). Note that by [43, Proposition 9.A]
AssR(Ext
s
R(TrKM,K)) = {P∩R | P ∈ AssR̂(Ext
s
R̂
(T̂rKM, K̂))},
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where R̂ is the completion of R in the m-adic topology. Choose P0 ∈ MinR̂(Ext
s
R̂
(T̂rKM, K̂)) such that
P0∩R= p0. Note that
(4.11.5) Exti
R̂
(T̂rKM, K̂)P0 = 0 for all i,0< i< s.
As GKp0 -dimRp0
(Mp0) < ∞ and the local homomorphism Rp0 → R̂P0 is flat, GK̂P0
-dim
R̂P0
(M̂P0) < ∞. As
R is the homomorphic image of a Cohen-Macaulay ring, all formal fibres of R are Cohen-Macaulay.
Therefore, R̂P0/p0R̂P0
∼= ((Rp0/p0Rp0)⊗R R̂)P0 is Cohen-Macaulay and so R̂P0 is Cohen-Macaulay (see
[44, Page 181]). Now we assert our second claim.
Claim (II). P0R̂P0 ∈ Ass(Ext
s
R̂P0
(Tr
R̂P0
M̂P0,ωR̂P0
)), where ω
R̂P0
is the dualizing module of R̂P0 .
Proof of Claim (II). By using the fact that P0 ∈MinR̂(Ext
s
R̂
(T̂rKM, K̂)), [60, Theorem 5.2] and (4.11.5)
we have Exts
R̂P0
(Tr
K̂P0
M̂P0,ωR̂P0
) 6= 0 and also Exts
R̂Q
(Tr
K̂Q
M̂Q,ωR̂Q) = 0 for all prime ideal Q ( P0. In
other words, P0R̂P0 ∈MinR̂P0
(Exts
R̂P0
(Tr
K̂P0
M̂P0,ωR̂P0
)) which completes the proof of the claim (II).
By Lemma 4.9 and (2.1.2), there exist exact sequences
0→ N→ λ piKM→Y → 0 and 0→ λ
pi
KM→ F
▽
1 → Tr
pi
KM→ 0,
where F1 is a free R-module, pi is a projective presentation of M and Y is an R-module contained in
X0. The above exact sequences induce the following exact sequences 0→ N̂P0 → λ̂
pi
KMP0 → ŶP0 → 0 and
0→ λ̂ piKMP0 → F̂
▽
1 P0
→ T̂rpiKMP0 → 0. Note that ŶP0 is a maximal Cohen-Macaulay R̂P0-module. As s> 1,
applying the functor Hom
R̂P0
(−,ω
R̂P0
) to the above exact sequences one obtains the isomorphisms
(4.11.6) Exts
R̂P0
(Tr
K̂P0
M̂P0,ωR̂P0
)∼= Exts−1
R̂P0
(λ̂ piKMP0 ,ωR̂P0
)∼= Exts−1
R̂P0
(N̂P0,ωR̂P0
).
Therefore, by (4.11.6), Claim (II), [63, 3.4] and the local duality theorem, P0R̂P0 ∈
Att
R̂P0
(Hm−s+1
P0R̂P0
(N̂P0)) where m = dim R̂P0 . As R̂ is equidimensional and catenary, m+ dim(R̂/P0) =
dim R̂. Set d = dimR = dim R̂. Hence, by [51, Theorem 1.1], P0 ∈ AttR̂(H
d−s+1
m̂
(N̂)) and so p0 ∈
AttR(H
d−s+1
m (N)) by [45, Proposition 3.2], which is a contradiction because d− t < d− s+ 1 < d and
p0 ∈ X. 
Note that M 6= 0 if and if AttR(M) 6= /0. Hence, Theorem 4.11 can be seen as a generalization of
Schenzel’s result [62, Theorem 4.1]. As an immediate consequence of Theorem 4.11, we state the
following results.
Corollary 4.12. Let (R,m) be a Cohen-Macaulay local ring and let t be a positive integer such that
injdimp(Kp) < ∞ for all p ∈ X
t−1(R). Assume that M and N are R-modules of dimension d which are
linked with respect to Xn in an odd number of steps. The following are equivalent.
(i) Mp is Cohen-Macaulay for all p ∈ X
t−1(R).
(ii) depthRp ≥ t for all p ∈
⋃
0<i<d
AttR(H
i
m(N)).
Proof. The condition (i) is equivalent to say that Xt−1(R) ⊆ Sd(M). Now the assertion follows from
Theorem 4.11. 
Corollary 4.13. Let (R,m) be a Cohen-Macaulay local ring and let injdimp(Kp)< ∞ for all p∈ SpecR\
{m}. Assume that M and N are R-modules which are linked with respect to Xn in an odd number of
steps. The following are equivalent.
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(i) Mp satisfies (St) for all p ∈ SpecR\{m}.
(ii) ℓ(Him(N)))< ∞ for all i, dimR(N)− t < i< dimR(N), where ℓ(−) denotes the length function.
Proof. This is an immediate consequence of Theorem 4.11 and [9, Corollary 7.2.12]. 
The following theorem is a generalization of [61, Theorem 3.7].
Theorem 4.14. Let (R,m) be a formally equidimensional local ring which is a homomorphic image
of a Cohen-Macaulay local ring. Let X be a subset of SpecR which is stable under generalization
such that injdimRp(Kp) < ∞ for all p ∈ X. Assume that M and N are R-modules of dimension d which
are linked with respect to Xn in an odd number of steps and that m is an integer with 0 < m ≤ d. If
AttR(H
j
m(N))⊆ SpecR\X for all j, d−m< j< d, then AttR(H
i
m(M))⊆ SpecR\X for all i, 0< i<m.
Proof. Assume contrarily that p ∈ AttR(H
i
m(M))∩X for some i, 0 < i < m. By [51, Theorem 1.1],
pRp ∈AttRp(H
i−dimR/p
pRp
(Mp)). In particular,
(4.14.1) H
i−dimR/p
pRp
(Mp) 6= 0.
On the other hand, by Theorem 4.11,Mp satisfies the Serre’s condition (Sm). In other words,
(4.14.2) depthRp(Mp)≥min{m,dimRp(Mp)}.
Note that, by [44, Theorem 31.5], R is equidimensional and catenary. Now by using the fact that Rp is
Cohen-Macaulay and Proposition 3.21, it is easy to see that
(4.14.3) dimRp(Mp)+dimR/p= d.
If m≥ dimRp(Mp), thenMp is Cohen-Macaulay by (4.14.2) and so H
j
pRp
(Mp) = 0 for all j 6= dimRp(Mp).
Therefore, by (4.14.1), i− dimR/p = dimRp(Mp) and so i = d by (4.14.3) which is a contradiction. On
the other hand, if m< dimRp(Mp), then depthRp(Mp)≥m by (4.14.2) and so H
j
pRp
(Mp) = 0 for all j<m.
In particular, H
i−dimR/p
pRp
(Mp) = 0 which is a contradiction by (4.14.1). 
Recall that a subset X of SpecR is called stable under specialization if every prime ideal of R which
contains an element of X also belongs to X. Clearly every closed subset of SpecR is stable under
specialization. The following is an immediate consequence of Theorem 4.14.
Corollary 4.15. Let (R,m) be a formally equidimensional local ring which is a homomorphic image of
a Cohen-Macaulay local ring. Let X be a subset of SpecR which is stable under specialization such that
injdimRp(Kp)< ∞ for all p ∈ SpecR\X. Assume M and N are R-modules which are linked with respect
to Xn in an odd number of steps. The following are equivalent.
(i) AttR(H
i
m(M))⊆ X for all i, 0< i< dimM.
(ii) AttR(H
i
m(N))⊆ X for all i, 0< i< dimN.
An R-module M is called self-linked with respect to Xn provided that there exists φ ∈ Epi(Xn)
such that M = imφ ∼= imLnK(φ). Recall that the Cohen-Macaulay locus of an R-module M, denoted
by CMR(M), is defined as CMR(M) = {p ∈ SpecR |Mp is a Cohen-Macaulay Rp-module}.
The following is an immediate consequence of Theorems 4.11 and 4.14, which is nothing but Corol-
lary 1.2, mentioned in the introduction.
Corollary 4.16. Let (R,m) be a formally equidimensional local ring which is a homomorphic image of
a Cohen-Macaulay local ring. Assume that X is a subset of SpecR which is stable under specialization
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such that injdimRp(Kp) < ∞ for all p ∈ SpecR \X. Let M be an R-module of dimension d which is
self-linked with respect to Xn. The following are equivalent.
(i) AttR(H
i
m(M))⊆ X for all i, ⌊d/2⌋ ≤ i< d.
(ii) AttR(H
i
m(M))⊆ X for all i, 0< i< d.
(iii) SpecR\X⊆ CMR(M).
Noted that the above result is new, even if we are restricted to classical linkage theory.
Corollary 4.17. Let (R,m) be a Gorenstein local ring and let X be an open subset of SpecR. Assume
that I is an ideal of dimension d which is self-linked. The following are equivalent.
(i) AttR(H
i
m(R/I))⊆ SpecR\X for all i, ⌊d/2⌋ ≤ i< d.
(ii) AttR(H
i
m(R/I))⊆ SpecR\X for all i, 0< i< d.
(iii) X⊆ CMR(R/I).
Recall that an R-module M of dimension d ≥ 1 is called generalized Cohen-Macaulay provided that
ℓ(Him(M)) < ∞ for all i, 0 ≤ i ≤ d− 1, where ℓ(−) denotes the length function. There is an interesting
duality between local cohomology modules of generalized Cohen-Macaulay ideals which are linked by
a Gorenstein ideal, due to Schenzel. Let R be a Gorenstein local ring and let a, b be ideals of R linked by
a Gorenstein ideal c. Assume that R/a is generalized Cohen-Macaulay. Schenzel proved that
Him(R/a)
∼= HomR(H
d−i
m (R/b),ER(R/m)),
for 0 < i< d, where d = dimR/a= dimR/b [62, Corollary 3.3]. Martsinkovsky and Strooker extended
the above result to generalized Cohen-Macaulay modules which are linked by a Gorenstein ideal [41,
Theorem 11]. The Schenzel’s result is generalized by Nagel for locally Cohen-Macaulay modules which
are linked by a quasi-Gorenstein module [50, Corollary 6.1(b)]. In the following, we extend the above
result to modules which satisfy Serre’s condition (St) on the punctured spectrum of R.
Recall that an R-module M is called t-torsionfree with respect to K provided that ExtiR(TrKM,K) = 0
for all i, 1 ≤ i ≤ t. For an ideal a of R, we denote by V(a) the set of all prime ideals of R containing a.
The following is a generalization of [61, Theorem 5.1].
Lemma 4.18. Let a be an ideal of R and let M be an R-module. Assume that t is an integer such that
0< t ≤ grade(a) and that Mp is an t-torsionfree Rp-module with respect to Kp for all p ∈ SpecR\V(a).
Then Hia(M)
∼= Exti+1R (TrKM,K) for all i, 0≤ i≤ t−1. In particular, H
i
a(M) is finitely generated for all
i, 0≤ i≤ t−1.
Proof. First note that, by our assumption,
⋃
1≤i≤t
SuppR(Ext
i
R(TrKM,K))⊆V(a)and so Ext
i
R(TrKM,K) is
a-torsion for 1≤ i≤ t. For each i> 0, set Xi = Ω
i−1TrKM. By definition, there exist exact sequences
(4.18.1) 0→ ExtiR(X1,K)→ TrK(Xi)→Yi → 0,
(4.18.2) 0→Yi → Pi⊗RK→ TrK(Xi+1)→ 0,
where Pi is a projective module. Applying the functor Γa(−) to the exact sequences (4.18.1) and (4.18.2)
and using the fact that ExtiR(TrKM,K) is a-torsion for 1 ≤ i ≤ t and that H
j
a(Pi⊗R K) = 0 for all j <
grade(a) and i> 0, we get the isomorphisms
(4.18.3) H ja(TrK(Xi))
∼= H ja(Yi)
∼= H j−1a (TrK(Xi+1)) for all 0< j < t, 1≤ i≤ t,
(4.18.4) ExtiR(X1,K) = Γa(Ext
i
R(X1,K))
∼= Γa(TrK(Xi)) for all 1≤ i≤ t.
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By [60, Lemma 2.12], there exists the exact sequence 0 → M → TrK(TrKM) → Z → 0, where Z is
a totally K-reflexive module. Note that every R-regular sequence is also Z-regular sequence (see for
example [44, Corollary 32]). Hence Hia(Z) = 0 for all i < t. Applying the functor Γa(−) to the above
exact sequence implies the isomorphism
(4.18.5) Hia(M)
∼= Hia(TrK(X1)) for all i, 0≤ i≤ t−1.
Now the assertion follows from (4.23.3), (4.23.4) and (4.23.5). 
Proposition 4.19. Let a be an ideal of R and let M, N be R-modules that are directly linked with respect
to Xn. Assume that t is an integer with n< t ≤ grade(a) such that SuppR(Ext
i
R(N,K))⊆ V(a) for all i,
n< i≤ n+ t. Then Hia(M)
∼= Exti+nR (N,K) for all i, 0< i< t. In particular, H
i
a(M) is finitely generated
for all i, 0< i< t.
Proof. By Lemma 4.10, there exists an ideal x⊆ AnnR(M)∩AnnR(N), generated by a regular sequence
of length n, such that M and N are directly linked with respect to the category of totally C-reflexive
R/x-modules, where C = ExtnR(R/x,K). Hence by Lemma 2.5 and the independence Theorem (see [9,
Theorem 4.2.1]) we may assume that n = 0 and M, N are maximal R-modules which are directly linked
with respect to X0. By Lemma 4.9, there exists an exact sequence 0→ N→ λ
pi
KM→Y → 0 where pi is a
projective presentation ofM andY ∈X0. The above exact sequence and (2.1.2) induce the isomorphisms
(4.19.1) ExtiR(N,K)
∼= ExtiR(λ
pi
KM,K)
∼= Exti+1R (TrKM,K), for all i> 0.
Note that, by Corollary 3.9, Ext1R(TrKM,K) = 0. Hence, it follows from our assumption and (4.19.1)
that Mp is an t-torsionfree Rp-module with respect to Kp for all p ∈ Spec(R) \V(a). Now the assertion
follows from Lemma 4.18 and (4.19.1). 
Let R be a Cohen-Macaulay local ring. An R-module M is generalized Cohen-Macaulay if and only
if Mp is a Cohen-Macaulay Rp-module for all p ∈ Spec(R)\{m} (see [65, Lemmas 1.2, 1.4]). Therefore
the following result may be seen as a generalization of the Schenzel’s result [62, Corollary 3.3] for
Gorenstein liaison of ideals as well as the results of Martsinkovsky and Strooker [41, Theorem 11],
Nagel [50, Corollary 6.1(b)] and Sadeghi [61, Corollary 5.4] for their smaller module liaison classes.
Corollary 4.20. Let (R,m,k) be a Cohen-Macaulay local ring which is a homomorphic image of a
Gorenstein local ring. Assume that M, N are R-modules of dimension d which are linked with respect
to CMn(R) in an odd number of steps. Let t be a positive integer such that Mp satisfies (St) for all
p ∈ SpecR\{m}. Then Him(M)
∼= HomR(H
d−i
m (N),ER(k)) for all i, 0< i< t.
Proof. Without loss of generality we may assume that M and N are directly linked. As R is Cohen-
Macaulay, dimMp = dimRp− gradeRp(Mp) = depthRp− n for all p ∈ SpecR, where the last equality
follows from Proposition 3.21. Hence, by our assumption and Proposition 4.6, we have ExtiR(N,ω) has
finite length for all i, n+ 1 ≤ i ≤ n+ t− 1, where ω is the dualizing module of R. Now the assertion
follows from Proposition 4.19 and the local duality theorem. 
The following shows that homological dimensions are preserved in even module liaison classes which
can be seen as a generalization of [41, Proposition 16], [50, Corollary 6.9] and [15, Corollary 5.11(i)].
Theorem 4.21. Let M and N be R-modules. The following statements hold true.
(i) If M and N are in the same even liaison class with respect to Xn, then Ext
i
R(M,K)
∼= ExtiR(N,K)
for all i> n. Moreover, GK-dimR(M) = GK-dimR(N).
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(ii) If M and N are in the same even liaison class with respect to Pn(R), then pdR(M) = pdR(N).
Moreover, CI-dimR(M) = CI-dimR(N).
Proof. Without loss of generality, we may assume that M is linked to N in two steps: M ∼ L ∼ N, for
some R-module L. We only prove part (i). The proof of part (ii) is similar. By Corollary 4.3, we have
(4.21.1) Extn+1R (M,K)
∼= cokerηRK(L)
∼= Extn+1R (N,K),
(4.21.2) Extn+iR (M,K)
∼= Extn+i−1R (Ext
n
R(L,K),K)
∼= Extn+iR (N,K) for all i> 1.
Consider the exact sequences 0→ExtnR(L,K)→X→M→ 0 and 0→ Ext
n
R(L,K)→X
′→N→ 0,where
X ,X ′ ∈Xn = G
n
K(P) (see Theorem 3.5(iv)). It follows from the above exact sequences that
(4.21.3) GK-dimR(M)< ∞⇔ GK-dimR(Ext
n
R(L,K))< ∞⇔ GK-dimR(N)< ∞.
If M is GK-perfect, then the assertion follows from Theorem 4.5. Hence we may assume that n <
GK-dimR(M)< ∞. Now the assertion follows from (4.21.1), (4.21.2), (4.21.3) and Theorem 2.2(i). 
Now we can state our first main result, which is nothing but Theorem 1.1, mentioned in the introduc-
tion.
Corollary 4.22. Let (R,m,k) be a Cohen-Macaulay local ring of dimension d with dualizing module
and let M, N be R-modules which are in the same liaison class with respect to CMn(R).
(i) M ∈ CMn(R) if and only if N ∈ CMn(R).
(ii) Assume that X is an open subset of SpecR. If M and N are linked in an odd number of steps, then
X⊆ St(M) if and only if AttR(H
j
m(N))⊆ SpecR\X for dimN− t < j < dimN.
(iii) If M and N are in the same even liaison class, then Him(M)
∼= Him(N) for 0< i< d−n.
(iv) If M and N are linked in an odd number of steps and M is generalized Cohen-Macaulay, then
Him(M)
∼= HomR(H
d−n−i
m (N),ER(k)) for 0< i< d−n.
In particular, N is generalized Cohen-Macaulay.
Proof. This is an immediate consequence of Theorems 4.5(i), 4.21, Proposition 4.6, Corollary 4.20 and
the local duality theorem. 
An R-module M of finite GK-dimension is called reduced GK-perfect provided that Ext
i
R(M,K) = 0
for all i 6= gradeR(M),GK-dimR(M). The following is a generalization of [15, Theorem 3.3].
Theorem 4.23. Let R be a Cohen-Macaulay local ring of dimension d and let M and N be R-modules
which are linked in an odd number of steps with respect to Xn. If M is reduced GK-perfect, then
depthR(M)+depthR(N) = dimR(M)+depthR(Ext
GK -dimR(M)
R (M,K)).
Proof. Without loss of generality we may assume thatM and N are directly linked. Set t := GK-dimR(M).
If M is GK-perfect, then by using the fact that R is Cohen-Macaulay, we have dimM = dimR−
gradeR(M) = depthR− t. Now the assertion follows from Theorems 2.2(iii), 4.5 and Lemma 2.4(i).
Hence we may assume that gradeR(M) < GK-dimR(M). As M is linked to N, by Theorem 3.5(iv) and
Corollary 3.9, one obtains the exact sequence
(4.23.1) 0→ ExtnR(N,K)→ X →M→ 0, for some X ∈Xn.
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Hence GK-dimR(Ext
n
R(N,K))< ∞. Note that, by Theorem 2.2(iii) and Proposition 3.21,
(4.23.2) dimR(M)−depthR(M) = d−n−depthR(M) = t−n.
We argue by induction on s = t − n. If s = 1, then t = n+ 1. By Corollary 4.3 and Theorem 2.2(i),
Exti(ExtnR(N,K),K) = 0 for all i> n and one has the exact sequence
(4.23.3) 0→ N→ ExtnR(Ext
n
R(N,K),K)→ Ext
t
R(M,K)→ 0.
Therefore, by Lemma 2.7 and Theorem 2.2(i), ExtnR(N,K) is GK-perfect of grade n and so is
ExtnR(Ext
n
R(N,K),K) by Lemma 2.4. Note that gradeR(Ext
t
R(M,K))≥ t (see [44, Corollary 30]). Hence
(4.23.4)
depthR(Ext
t
R(M,K)) ≤ dimR(Ext
t
R(M,K))
≤ d− t < d−n
= depthR(Ext
n
R(Ext
n
R(N,K),K)),
where the last equality follows from the fact that ExtnR(Ext
n
R(N,K),K) is GK-perfect of grade n and
Theorem 2.2(iii). Hence, by (4.23.2), (4.23.4) and the exact sequence (4.23.3), we find that
depthR(N) = depthR(Ext
t
R(M,K))+1= depthR(Ext
t
R(M,K))+ (t−n)
= depthR(Ext
t
R(M,K))+dimR(M)−depthR(M),
as desired. Let s > 1 and set Z = ExtnR(N,K). By Lemma 2.7 and Example 4.1(ii), Z is linked by some
φ ∈ Epi(Xn). Set LnK(Z) := imL
n
K(φ) and consider the following exact sequence
(4.23.5) 0→ ExtnR(Z,K)→Y → L
n
K(Z)→ 0, where Y ∈Xn (see 3.4.1).
Next, we prove that LnK(Z) /∈ Xn. Assume contrarily that L
n
K(Z) ∈ Xn. Hence Z ∈ Xn by Theorem
4.5(i). As s > 1 and M is reduced GK-perfect, we have Ext
n+1
R (M,K) = 0. Therefore, it follows from
Corollary 4.3(i) that
(4.23.6) N ∼= ExtnR(Ext
n
R(N,K),K) = Ext
n
R(Z,K).
Thus, by Lemma 2.4(i) and (4.23.6), N ∈Xn and so M ∈Xn by Theorem 4.5 which is a contradiction.
Therefore LnK(Z) /∈Xn and so depthR(L
n
K(Z))< d−n= depthR(Y ) by Theorem 2.2(iii). It follows from
the exact sequence (4.23.5) and the isomorphism (4.23.6) that
(4.23.7) depthR(N) = depthR(Ext
n
R(Z,K)) = depthR(L
n
K(Z))+1.
By the exact sequence (4.23.1) we have
(4.23.8) depthR(M) = depthR(Z)−1.
Note that by Lemma 2.7, Theorem 2.2(iii) and (4.23.8), Z is a module of GK-dimension t − 1 and of
grade n. AsM is reduced GK-perfect and s> 1, by Corollary 4.3(ii),
ExtiR(Z,K) = Ext
i
R(Ext
n
R(N,K),K)
∼= Exti+1R (M,K) = 0 for all i, n< i< t−1.
In other words, Z is a reduced GK-perfect module. Hence by induction hypothesis we have the equality
(4.23.9) depthR(Z)+depthR(L
n
K(Z)) = dimR(Z)+depthR(Ext
t−1
R (Z,K)).
Note that Corollary 4.3(ii) implies the isomorphism
(4.23.10) ExttR(M,K)
∼= Extt−1R (Z,K).
It follows from Lemma 2.7 and Proposition 3.21 that dimR(M) = dimR(Z). Now the assertion is clear by
(4.23.7), (4.23.8), (4.23.9) and (4.23.10). 
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Let R be a Gorenstein local ring. Following [26], an R-module M is said to be an Eilenberg-Maclane
module, if Him(M) = 0 for all i 6= depthR(M),dimR(M). Hence reduced GK-perfect modules can be
viewed as a generalization of Eilenberg-Maclane modules.
Corollary 4.24. Let R be a Cohen-Macaulay local ring with dualizing module K and let M and N be
R-modules which are linked in an odd number of steps with respect to CMn(R). If M is an Eilenberg-
Maclane module, then depthR(M)+depthR(N) = dimR(M)+depthR(Ext
GK -dimR(M)
R (M,K)).
Proof. This is an immediate consequence of Theorem 4.23 and the local duality theorem. 
5. COLINKAGE OF MODULES
In this section we introduce and study the notion of colinkage of modules. This notion can be seen as
the dual of the notion of linkage and enables us to study the theory of linkage for modules in the Bass
class with respect to K. It is shown that every grade-unmixed module in the Bass class with respect to K
can be colinked with respect to the category of PK-perfect modules. An adjoint equivalence between the
linked modules with respect to the category of perfect modules and the colinked modules with respect to
the category of PK-perfect modules is established. We start by recalling some definitions, notations and
results which will be used in this section.
5.1. Gorenstein injective dimension. The notion of Gorenstein injective dimension of a module has been
introduced by Enochs and Jenda, as a dual version of the notion of Gorenstein projective dimension [18].
An R-module M is said to be Gorenstein injective if there exists an exact sequence I• : · · · → I1
∂1−→
I0
∂0−→ I−1→··· of injective R-modules such thatM ∼= ker(∂0) and HomR(E, I•) is exact for any injective
R-module E . The Gorenstein injective dimension ofM, GidR(M), is defined as the infimum of n for which
there exists an exact sequence 0→M→ J0 → ··· → J−n → 0, where each Ji is Gorenstein injective.
The Gorenstein injective dimension is a refinement of the classical injective dimension, i.e. Gid(M)≤
injdim(M), with equality if injdim(M) < ∞. Note that every module over a Gorenstein ring has finite
Gorenstein injective dimension.
5.2. Homological dimensions with respect to a semidualizing module ( [64], [67]).
The class of K-projective modules is defined as PK(R) = {P⊗RK | P ∈P(R)}. The PK-dimension of
M, denoted PK-dimR(M), is less than or equal to t if and only if there is an exact sequence
0→ Xt → ··· → X0 →M→ 0,
where Xi ∈PK(R) for each i [64, Corollary 2.10]. Note that if R is local and K is a dualizing module, then
PK-dimR(M)< ∞ if and only if injdimR(M)< ∞. As every K-projective module is a totally K-reflexive
module, we have GK-dimR(M)≤PK-dimR(M) with equality when the right hand side is finite.
An exact complex in PK(R) is called totally PK-acyclic if it is HomR(PK(R),−)-exact and
HomR(−,PK(R))-exact. We denote by G(PK) the subcategory of modR with objects of the form
M ∼= coker(∂X1 ) for some totally PK-acyclic complex X . The G(PK)-dimension of M is defined as
G(PK)-dimR(M) = inf{sup{i≥ 0 | Xi 6= 0} | X is an G(PK)-resolution of M}.
Definition and Notation 5.3. An R-module M is called PK-perfect ( resp. G(PK)-perfect) provided
that gradeR(M) = PK-dimR(M) ( resp. gradeR(M) = G(PK)-dimR(M)). We denote by P
n
K(R) ( resp.
GnK(PK) ) the subcategory of modR, consisting of all PK-perfect ( resp. G(PK)-perfect ) R-modules of
grade n. Note that, in the trivial case, i.e. K = R, we omit the subscript and recover the subcategory of
perfect ( resp. G -perfect) modules of grade n, Pn(R) ( resp. GnR(P)).
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In the following we collect some basic properties and examples of modules in the Auslander class
AK(R) and the Bass class BK(R) (see Definition 3.15) which will be used in the rest of this paper. For
an R-module M, we denote MH = HomR(K,M).
Theorem 5.4. Assume that M is an R-module. The following statements hold true.
(i) If R is local and K is a dualizing module, then we have M ∈ AK(R) (respectively, M ∈BK(R)) if
and only if G -dimR(M)< ∞ (respectively, GidR(M)< ∞) [21, Theorem 1].
(ii) If M has a finite PK-dimension, then M ∈BK(R) [64, Corollary 2.9].
(iii) (Foxby equivalence) There are (horizontal) adjoint equivalences
Pn(R)
 _

−⊗RK
∼
//
PnK(R) _

HomR(K,−)
oo
AK(R)
−⊗RK
∼
//
BK(R)
HomR(K,−)
oo
of categories [64, Theorem 2.12].
(iv) G(PK)-dimR(M) < ∞ if and only if M ∈BK(R) and GK-dimR(M)< ∞ [67, Lemma 2.9]. In par-
ticular, if K is dualizing, then G(PK)-dimR(M)< ∞ if and only if GidR(M)< ∞.
(v) If M ∈AK(R), then depthR(M) = depthR(M⊗RK) and dimR(M) = dimR(M⊗RK). In particular,
M ∈ CMn(R) if and only if M⊗RK ∈ CM
n(R) [16, Lemma 2.11].
(vi) If M ∈ BK(R), then depthR(M) = depthR(M
H) and dimR(M) = dimR(M
H). In particular, M ∈
CMn(R) if and only if MH ∈ CMn(R) [17, Lemma 3.5].
(vii) If R is local and K is a dualizing module, then there is an adjoint equivalence
GnR(P)
−⊗RK
∼
//
GnK(PK)
HomR(K,−)
oo
of categories (which is an immediate consequence of the previous parts of the Theorem).
Note that, by Theorem 5.4, if R is local and K is a dualizing module, then we have
(5.4.1) GnK(PK) = {M ∈ CM
n(R) |M has finite Gorenstein injective dimension}.
In the following, we present another equivalence between the category of G -perfect modules and the
category of G(PK)-perfect modules.
Lemma 5.5. For an integer n≥ 0, the following statements hold true.
(i) There is an equivalence
Pn(R)
ExtnR(−,K)
∼
//
PnK(R).
ExtnR(−,K)
oo
(ii) If R is local and K is a dualizing module, then there is an equivalence
GnR(P)
ExtnR(−,K)
∼
//
GnK(PK).
ExtnR(−,K)
oo
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Proof. (i). First note that Pn(R),PnK(R)⊆ G
n
K(P). Hence, by Lemma 2.4, M
∼= ExtnR(Ext
n
R(M,K),K)
for all M ∈Pn(R)∪PnK(R). Let M be a perfect module of grade n. By [2, Lemma 2.44], we have
(5.5.1) ExtnR(M,K)
∼= ExtnR(M,R)⊗RK.
Note that ExtnR(M,R) ∈P
n(R) and so, by (5.5.1) and Theorem 5.4(iii), we have ExtnR(M,K) ∈P
n
K(R).
Conversely, assume that M ∈ PnK(R). It follows from Theorem 5.4(ii) that M ∈ BK(R). Hence,
by [64, Theorem 4.1 , Corollary 4.2], we have
(5.5.2) ExtnR(M,K)
∼= ExtnR(M
H,R).
By Theorem 5.4(iii), MH ∈ Pn(R) and so ExtnR(M
H,R) ∈ Pn(R). Now the assertion follows from
(5.5.2).
(ii). It follows from Theorem 5.4 that GnR(P) =AK(R)∩CM
n(R) and GnK(PK) =BK(R)∩CM
n(R).
Note that M ∼= ExtnR(Ext
n
R(M,K),K) for all M ∈ CM
n(R) (see for example [10, Theorem 3.3.10]). As-
sume that M ∈ GnR(P). We want to show that Ext
n
R(M,K) ∈ G
n
K(PK). By [10, Proposition 3.3.3(b)],
ExtnR(M,K) ∈ CM
n(R). Hence it is enough to show that ExtnR(M,K) ∈ BK(R). As G -dimR(M) = n,
it follows from Theorem 2.2(ii) that TrΩnM is a totally reflexive module. In other words, by Theorem
5.4(i), TrΩnM ∈AK(R). In particular, Tor
R
i (TrΩ
nM,K) = 0 for i> 0. It follows from [2, Theorem 2.8]
that ExtnR(M,K)
∼= ExtnR(M,R)⊗RK. By Lemma 2.4 and Theorem 5.4(i), Ext
n
R(M,R) ∈AK(R). Hence
ExtnR(M,K) ∈BK(R) by Theorem 5.4(iii).
Conversely, assume that M ∈ GnK(PK). As M ∈ CM
n(R), we have ExtnR(M,K) ∈ CM
n(R) by
[10, Proposition 3.3.3(b)]. Hence we only need to show that ExtnR(M,K) ∈ AK(R). By Theorem
5.4(vii), MH ∈ GnR(P) and so by Lemma 2.4 Ext
n
R(M
H,R) ∈ GnR(P). In other words, by Theorem
5.4(i), ExtnR(M
H,R) ∈ AK(R). As M,K ∈ BK(R), by [64, Theorem 4.1 , Corollary 4.2], we have
ExtnR(M,K)
∼= ExtnR(M
H,R) ∈AK(R). 
For an integer n≥ 0, set DnK(−) := Ext
n
R(HomR(K,−),K).
Theorem 5.6. Assume that M is an R-module of grade n and that the evaluation R-homomorphism
νRK(M) : K ⊗R HomR(K,M) → M is an isomorphism (e.g. M ∈ BK(R)). Then there exists an R-
homomorphism ξ RK (M) :M→D
n
KD
n
K(M) with the following properties.
(i) There is the following commutative diagram.
M
ηRK (M)−−−−→ ExtnR(Ext
n
R(M,K),K)y‖ y∼=
M
ξRK (M)−−−−→ DnKD
n
K(M)
In particular, kerηRK(M)
∼= kerξ RK (M) and cokerη
R
K(M)
∼= cokerξ RK (M).
(ii) If M is PK-perfect, then ξ
R
K (M) is an isomorphism. Moreover, D
n
K(M) is PK-perfect of grade n.
(iii) If R is Cohen-Macaulay local ring, K is dualizing module and M is Cohen-Macaulay R-module of
finite Gorenstein injective dimension, then ξ RK (M) is an isomorphism. Moreover, D
n
K(M)∈CM
n(R)
and has finite Gorenstein dimension.
Proof. (i). Let x⊆ AnnR(M) be an ideal, generated by a regular sequence of length n. Set S = R/x and
(−) :=−⊗RS. It follows from standard isomorphism and our assumption thatM∼=K⊗RHomR(K,M)∼=
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K⊗SHomS(K,M). Therefore we have the isomorphisms
(5.6.1)
ExtnR(Ext
n
R(M,K),K)
∼= HomS(HomS(M,K),K)
∼= HomS(HomS(K⊗SHomS(K,M),K),K)
∼= HomS(HomS(K,HomS(HomS(K,M),K)),K)
∼= ExtnR(HomR(K,Ext
n
R(HomR(K,M),K),K)
= DnKD
n
K(M).
We denote by σ : ExtnR(Ext
n
R(M,K),K)→D
n
KD
n
K(M) the isomorphism (5.6.1) and define the homomor-
phism ξ RK (M) :M→D
n
KD
n
K(M) to be the composition σ ◦η
R
K(M). Now the assertion is clear.
(ii). First note that every PK-perfect module is also GK-perfect. It follows from Corollary 4.3 that
ηRK(M) is isomorphism and so is ξ
R
K (M) by part (i). Now we show that D
n
K(M) ∈ P
n
K(R). As M is a
PK-perfect module of grade n, we have M
H is perfect module of grade n by Theorem 5.4(iii). It follows
from Lemma 5.5(i) that DnK(M) = Ext
n
R(M
H,K) ∈PnK(R).
(iii). It follows from [10, Theorem 3.3.10(c)] that ηRK(M) is an isomorphism and so is ξ
R
K (M) by
part (i). Note that by (5.4.1), M ∈ GnK(PK). Thus we have M
H ∈ GnR(P) by Theorem 5.4(vii). It
follows from Lemma 5.5(ii) that DnK(M) = Ext
n
R(M
H,K) ∈ GnK(PK). In other words, by (5.4.1), D
n
K(M)
is Cohen-Macaulay of grade n and has finite Gorenstein injective dimension. 
Definition and Notation 5.7. We denote by corefn(K) the subcategory of modR consisting of all R-
modules M with grade n such that ξ RK (M) :M→D
n
K(D
n
K(M)) is an isomorphism.
A subcategory X ⊆ corefn(K) is called n-coreflexive subcategory with respect to K if it is closed
under DnK(−) (i.e. for any R-module M, if M ∈X then D
n
K(M) ∈X ).
Here are some examples of coreflexive subcategories with respect to K (see Theorem 5.6(ii), (iii)).
Example 5.8. The following subcategories of modR are n-coreflexive with respect to K.
(i) PnK(R), i.e. the subcategory of modR consisting of all PK-perfect modules of grade n. In particu-
lar, if R is Cohen-Macaulay local with dualizing module K, then
Y = {M ∈ CMn(R) |M has finite injective dimension }
is an n-coreflexive subcategory with respect to K.
(ii) Let R be a Cohen-Macaulay local ring with dualizing module K. Then GnK(PK) is an n-coreflexive
subcategory with respect to K.
Let Y be an n-coreflexive subcategory with respect to K and let φ ∈ Epi(Y ). Hence φ :Y ։M is an
epimorphism for someM ∈modR,Y ∈Y with gradeR(M)= gradeR(Y ). Such a homomorphism is called
a coreflexive homomorphism. Given φ ∈ Epi(Y ), we want to construct a new coreflexive homomorphism
L nK (φ).
Definition 5.9. Let Y be an n-coreflexive subcategory with respect to K and let φ ∈ Epi(Y ). Con-
sider the exact sequence 0→ kerφ
i
→ Y
φ
→ imφ → 0, where Y ∈ Y . Applying the functor (−)H =
HomR(K,−) gives the exact sequence 0→ (kerφ)
H i
H
→ YH→ (imφ)H. Note that gradeR(kerφ) = n =
gradeR((kerφ)
H). We denote by L nK (φ) : Ext
n
R(Y
H,K)։ im(ExtnR(i
H,K)) the epimorphism induced by
ExtnR(i
H,K). Therefore we have the exact sequence
(5.9.1) 0→ kerL nK (φ)−→D
n
K(Y )
L nK (φ)−→ imL nK (φ)→ 0.
Note that if Ext1R(K,kerφ) = 0, then kerL
n
K (φ)
∼= DnK(imφ).
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Lemma 5.10. Let Y ⊆ BK(R) be an n-coreflexive subcategory with respect to K and let φ ∈ Epi(Y )
be a homomorphism which is not injective. If νRK(imφ) : K⊗RHomR(K, imφ)→ imφ is injective, then
Ext1R(K,kerφ) = 0. In particular, kerL
n
K (φ)
∼= DnK(imφ).
Proof. Consider the exact sequence 0→ kerφ → Y
φ
→ imφ → 0, where Y ∈ Y . As Y ∈ BK(R), we
have Ext1R(K,Y ) = 0. Hence, applying the functor (−)
H = HomR(K,−), implies the exact sequence
YH→ (imφ)H→ Ext1R(K,kerφ)→ 0, from which we obtain the induced commutative diagram
K⊗RY
H
φ ′
−−−−→ K⊗R (imφ)
H −−−−→ K⊗R Ext
1
R(K,kerφ) −−−−→ 0yνRK(Y ) yνRK(imφ)
Y −−−−→ imφ −−−−→ 0
with exact rows. By using the fact that νRK(imφ) is injective and that ν
R
K(Y ) is an isomorphism, we see
that φ ′, in the above diagram, is surjective which is equivalent to say that K⊗R Ext
1
R(K,kerφ) = 0 and
so Ext1R(K,kerφ) = 0. 
We denote by ∆K(R) := {M ∈ modR | ν
R
K(M) : K⊗RM
H→ M is an isomorphism }. Note that M ∈
∆K(R) if and only if it has a PK-presentation, i.e. there exists an exact sequence X1 → X0 → M→ 0,
where Xi ∈PK(R) for i= 1,2 (see for example [68, Proposition 3.6]). Clearly BK(R)⊆ ∆K(R).
Here are some basic properties of L nK (φ).
Theorem 5.11. Let Y be an n-coreflexive subcategory with respect to K and let φ ∈ Epi(Y ) be a
homomorphism which is not injective. Then the following statements hold true.
(i) L nK (φ) ∈ Epi(Y ).
(ii) imL nK (φ) is a grade-unmixed R-module.
(iii) Assume that imφ ∈ ∆K(R). If Ext
1
R(K,kerφ) = 0 (e.g. Y ⊆ BK(R), see Lemma 5.10), then the
image of map ξ RK (imφ) is isomorphic to imL
n
K (L
n
K (φ)).
Proof. (i) and (ii). First note that gradeR(kerφ) = n = gradeR((kerφ)
H). Hence, by Lemma 2.7,
DnK(kerφ) = Ext
n
R((kerφ)
H,K) is grade-unmixed of grade n. It follows from the monomorphism
imL nK (M) →֒D
n
K(kerφ) that imL
n
K (M) is a grade-unmixed R-module of grade n. As Y is n-coreflexive
with respect to K, we have DnK(Y ) ∈ Y for all Y ∈ Y and so L
n
K (φ) ∈ Epi(Y ).
(iii). Consider the exact sequence 0→ kerφ → Y
φ
→ imφ → 0, where Y ∈ Y . Applying the functor
DnK(−) and using the fact that Ext
1(K,kerφ) = 0, we get the exact sequence
(5.11.1) 0→DnK(imφ)−→D
n
K(Y )
L nK (φ)−→ imL nK (φ)→ 0,( see 5.9.1)
which induces the commutative diagram
Y
φ
−−−−→ imφyξRK (Y ) yξRK (imφ)
DnKD
n
K(Y )
φ ′′
−−−−→ DnKD
n
K(imφ),
where φ ′′ = DnKD
n
K(φ). As Y ∈ Y , we have ξ
R
K (Y ) is an isomorphism. It follows from the above
commutative diagram that im(ξ RK (imφ)) = im(φ
′′) = im(L nK (L
n
K (φ))). 
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Lemma 5.12. Let Y be an n-coreflexive subcategory and let φ ,ψ ∈ Epi(Y ). The following statements
hold true (see Definition 3.6).
(i) If φ ≡ ψ , then L nK (φ)≡L
n
K (ψ). In particular, imL
n
K (φ)
∼= imL nK (ψ).
(ii) φ ≡L nK (L
n
K (φ)) if and only if there exists µ ∈ Epi(Y ) such that φ ≡L
n
K (µ) and µ ≡L
n
K (φ).
Proof. (i). Let φ : X։M and ψ :Y ։N, where X ,Y ∈Y andM,N ∈modR. There exist isomorphisms
α :M
∼=
→ N and β : X
∼=
→Y such that ψ ◦β = α ◦φ . Hence we obtain the commutative diagram
0 −−−−→ kerφ −−−−→ X
φ
−−−−→ M −−−−→ 0yγ yβ yα
0 −−−−→ kerψ −−−−→ Y
ψ
−−−−→ N −−−−→ 0,
which, by the snake lemma, γ is an isomorphism. Applying the functor (−)H = HomR(K,−) to the
above diagram implies the commutative diagram
0 −−−−→ (kerφ)H −−−−→ XH −−−−→ C −−−−→ 0yγH yβH yα ′
0 −−−−→ (kerψ)H −−−−→ YH −−−−→ C′ −−−−→ 0
with exact rows, whereC= im(φH) andC′ = im(ψH). As γH, βH are isomorphisms, so is α ′. The above
diagram induces the commutative diagram
0 −−−−→ ExtnR(C
′,K) −−−−→ DnK(Y )
L nK (ψ)−−−−→ imL nK (ψ) −−−−→ 0yα ′′ yDnK(β) ypi
0 −−−−→ ExtnR(C,K) −−−−→ D
n
K(X)
L nK (φ)−−−−→ imL nK (φ) −−−−→ 0.
As α ′′ = ExtnR(α
′,K) and DnK(β ) are isomorphisms, so is pi . Hence L
n
K (φ)≡L
n
K (ψ).
(ii). follows from part (i). 
Definition 5.13. LetY be an n-coreflexive subcategory with respect to K and let φ ,ψ ∈ Epi(Y ). We say
R-modules M and N are colinked with respect to Y , in one step (directly), by the pair (φ ,ψ) provided
that the following conditions hold.
(i) M = imφ and N = imψ .
(ii) φ ≡L nK (ψ) and ψ ≡L
n
K (φ).
In this situation we writeM
c
∼
(φ ,ψ)
N, or simplyM
c
∼N. Equivalently, an R-moduleM is said to be colinked
by φ , if M = imφ and M ∼= imL nK (L
n
K (φ)) (see Lemma 5.12).
Here is a characterization of a colinked module in terms of the homomorphism ξRK (−).
Corollary 5.14. Let Y ⊆BK(R) be an n-coreflexive subcategory with respect to K and let φ be a non-
injective homomorphism in Epi(Y ). Assume that M is an R-module such that im(φ) =M. If M ∈ ∆K(R),
then the following statements are equivalent.
(i) M is colinked by φ .
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(ii) ξ RK (M) is injective.
(iii) ηRK(M) is injective.
Proof. This is an immediate consequence of Theorem 5.6(i), Lemma 5.10, Theorem 5.11.(iii) and [44,
Theorem 2.4]. 
Corollary 5.15. Let M ∈BK(R) be an R-module of grade n. Assume that GKp -dimRp
(Mp) < ∞ for all
p ∈Xn(R) (e.g. injdimRp(Kp)< ∞ for all p ∈X
n(R)). Then the following statements are equivalent.
(i) M is colinked with respect to PnK(R).
(ii) M is grade-unmixed.
(iii) depthRp(Mp)≥min{1,depthRp−n} for all p ∈ Spec(R).
Proof. Let x⊆AnnR(M) be an ideal generated by a regular sequence of length n and set S=R/x. Choose
a non-injective epimorphism φ : F։MH where F is a free S-module. AsM ∈BK(R), we have ν
R
K(M) :
K⊗RM
H→ M is isomorphism. It is straightforward to see that νRK(M) ◦ (φ ⊗R K) : F ⊗R K ։ M is a
non-injective epimorphism in Epi(PnK(R)). Now the assertion follows from Corollaries 2.10, 5.14. 
The following corollary is an immediate consequence of Corollaries 3.10, 5.15 and Theorem 5.4(iv).
Corollary 5.16. Let M be an R-module of finite G(PK)-dimension. The following are equivalent.
(i) M is linked with respect to Pn(R).
(ii) M is colinked with respect to PnK(R).
(iii) M is grade-unmixed of grade n.
Example 5.17. Here we collect some examples of colinked modules.
(i) Let Y ⊆ BK(R) be an n-coreflexive subcategory with respect to K which is closed under direct
sum. Every two modules in Y are colinked directly. In particular, M is directly colinked to
t
⊕M for
every M ∈ Y and an integer t. Also, every M ∈ Y is self-colinked.
This is an immediate consequence of the exact sequence 0→DnK(N)→M⊕D
n
K(N)→M→ 0
(see Theorem 5.6 and Corollary 5.14).
(ii) Let M be a grade-unmixed R-module of finite G(PK)-dimension with grade n. Assume that I ⊆
AnnR(M) is a complete intersection ideal in R of height n. If φ : F ։ M
H is a non-injective
epimorphism where F is a free R/I-module, then M is colinked by ψ with respect to PnK(R) where
ψ = νRK(M)◦ (φ ⊗K).
This is an immediate consequence of Corollary 5.15 and Theorem 5.4(iv).
(iii) Let R be a Cohen-Macaulay local ring with dualizing module K. Let M be an unmixed R-module
of finite Gorenstein injective dimension with grade n. Then M is colinked with respect to PnK(R).
This is a special case of part (ii).
(iv) Let R be a Cohen-Macaulay local ring with dualizing module K and let M be an unmixed R-
module of finite Gorenstein injective dimension with grade n. Assume that 0→ Y → X
φ
→M→ 0
is a maximal Cohen-Macaulay approximation of M, where injdimR(Y ) < ∞ and X is a maximal
Cohen-Macaulay module of finite Gorenstein injective dimension (see [3]). If I ⊆ AnnR(M) is a
complete intersection ideal in R of height n such that φ ⊗R R/I is non-injective, then M is colinked
by φ ⊗RR/I with respect to G
n
K(PK).
This is an immediate consequence of Corollaries 5.14, 2.10(i) and Example 5.8(ii).
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As a generalization of the notion of horizontal linkage due to Martsinkovsky and Strooker ( Re-
mark 3.13(I)), an R-module M is defined, by Dibaei-Sadeghi, to be horizontally linked with respect
to K provided that M ∼= λ 2R(K,M)(= λR(K,λR(K,M))), where λR(K,−) = ΩKTrKHomR(K,−) [17,
Definition 3.1]. Note that if P1 → P0
f
→ MH → 0 is a minimal projective presentation of MH, then
λR(K,M) = coker(Hom( f ,K)) (see [17, Remark 2.11]).
Let a be an ideal of R and let C be a semidualizing R/a-module, M and N are R-module. Then M
is said to be linked to N by the ideal a with respect to C if a ⊆ AnnR(M)∩AnnR(N) and M and N are
horizontally linked with respect toC as R/a-modules [17, Definition 3.2]. In the following, we show that
the notion of linkage with respect to a semidualizing module is a special case of the notion of colinkage.
Recall that an ideal a of finite Gorenstein dimension over a local ring R is called quasi-Gorenstein
provided that there is equality between Bass numbers µ i+depthRR (R) = µ
i+depthR/a
R/a (R/a) for all i ≥ 0 (
see [4] for more details).
Proposition 5.18. Let R be a Cohen-Macaulay local ring with dualizing module K and let c be a Cohen-
Macaulay quasi-Gorenstein ideal of grade n. Assume that M is a Cohen-Macaulay R-module of finite
Gorenstein injective dimension. If M is linked by c with respect to K, then it is colinked with respect
to GnK(PK). Moreover, there exists φ ∈ Epi(G
n
K(PK)) such that imφ = M and λR(K,M)
∼= imL nK (φ)
where R= R/c and K = ExtnR(R,K).
Proof. By definition, c⊆AnnR(M) andM is horizontally linked R-module with respect to K. Set (−)
† =
HomR(K,−). It follows from [17, Theorem 3.13] that M
† is linked by the ideal c. In other words, M† is
a horizontally linked R-module and so it is stable as an R-module by [41, Proposition 3]. By Theorem
5.4(i) and [4, Corollary 7.9], M ∈BK(R). In particular, ν
R
K
(M) : K⊗RM
†→M is an isomorphism. Next
we show that, if P1→ P0
f
→M†→ 0 is a minimal R-projective presentation ofM†, thenM is colinked by
φ = νR
K
(M)◦ ( f ⊗RK). First we show that φ ∈ Epi(G
n
K(PK)). As c is a Cohen-Macaulay ideal of finite
Gorenstein dimension, it is G -perfect. It follows from [60, Lemma 3.16] that gradeR(M
†) = gradeR(c) =
gradeR(P0⊗RK). As R/c ∈ G
n
R(P), it follows from Lemma 5.5(ii) that K = Ext
n
R(R/c,K) ∈ G
n
K(PK).
Therefore φ ∈ Epi(GnK(PK)). Note that φ is not injective. Otherwise, φ is an isomorphism and so is
f ⊗RK. The commutative diagram
P0
f
−−−−→ M†yµRK(P0) yµRK(M†)
HomR(K,K⊗RP0)
g
−−−−→ HomR(K,K⊗RM
†),
where g=HomR(K, f ⊗RK) is an isomorphism, and the facts that µ
R
K
(P0) and µ
R
K
(M†) are isomorphisms,
imply that f is an isomorphism. This is a contradiction, because M† is a stable R-module. As K is a
dualizing module and M is Cohen-Macaulay, M ∈ GnK(P). In particular, by Lemma 2.4, η
R
K(M) is an
isomorphism. It follows from Corollary 5.14 that M is colinked by φ with respect to GnK(PK).
Next we want to show that λR(K,M)
∼= imL nK (φ). By [4, Theorem 7.8], K
∼= K⊗RR. It follows that
HomR(K,X)∼=HomR(K,X) and X⊗RK
∼=X⊗RK for all R-module X . Hence, by Lemma 2.5, we get the
isomorphism DnK(X) = Ext
n
R(HomR(K,X),K)
∼= HomR(HomR(K,X),K) for all R-module X . Therefore
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we obtain the following commutative diagram
0 −−−−→ HomR(M
†,K) −−−−→ HomR(P0,K) −−−−→ λR(K,M) −−−−→ 0y∼= y∼=
0 −−−−→ ExtnR(HomR(K,M),K) −−−−→ Ext
n
R(HomR(K,P0⊗RK),K) −−−−→ imL
n
K (φ) −−−−→ 0.
It follows from the above diagram that λR(K,M)
∼= imL nK (φ). 
Lemma 5.19. Let Y ⊆BK(R) be an n-coreflexive subcategory with respect to K and let φ ∈ Epi(Y ).
Assume that M is an R-module which is colinked by φ with respect to Y . If M ∈ ∆K(R), then there exists
the exact sequence 0→DnK(M)→Y → imL
n
K (φ)→ 0, for some Y ∈ Y .
Proof. This is an immediate consequence of the exact sequence (5.9.1) and Lemma 5.10. 
Definition 5.20. Let Y be an n-coreflexive subcategory with respect to K and let m > 0 be an integer.
We say that R-modules M and N are colinked in m steps with respect to Y if there are modules N0 =
M,N1, · · · ,Nm−1,Nm = N such that Ni and Ni+1 are directly colinked for all i= 0, · · · ,m−1. If m is even,
then M and N are said to be evenly colinked. Module coliaison is the equivalence relation generated by
directly colinkage. Its equivalence classes are called coliaison classes. Even colinkage also generates an
equivalence relation. Its equivalence classes are called even coliaison classes.
The proof of the following result is analogous to the proof of Proposition 3.17.
Theorem 5.21. Let Y ⊆BK(R) be an n-coreflexive subcategory with respect to K and let M,N ∈ ∆K(R)
be R-modules. Then the following statements hold true.
(i) Let Y be a thick subcategory, M and N in the same coliaison class. Then M ∈ Y if and only if
N ∈ Y .
(ii) Assume that Z is a thick subcategory of modR containing Y and that M, N are in the same even
coliaison class. Then M ∈Z if and only if N ∈Z .
Proof. This follows from Lemma 5.19. 
Corollary 5.22. Let M, N ∈∆K(R) be R-modules in the same even coliaison class with respect toP
n
K(R).
Assume that X is an R-module. Then the following statements hold true.
(i) M ∈BK(R) if and only if N ∈BK(R).
(ii) PK-dimR(M)< ∞ if and only if PK-dimR(N)< ∞. In particular, if K is a dualizing module, then
injdimR(M)< ∞ if and only if injdimR(N)< ∞.
(iii) Exti≫0
PK
(M,X) = 0 if and only if Exti≫0
PK
(N,X) = 0 (see [64]).
(iv) G(PK)-dimR(M)< ∞ if and only if G(PK)-dimR(M)< ∞.
Proof. As every module of finite PK-projective dimension satisfies in all of the above conditions (see
Theorem 5.4), the assertion follows from Theorem 5.21 and Example 3.16. 
The following is the dual version of Theorem 4.5.
Theorem 5.23. Let M and N be R-modules in the same coliaison class with respect to PnK(R). The
following statements hold true.
(i) M is PK-perfect if and only if N is PK-perfect.
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(ii) If K is dualizing, then M is G(PK)-perfect if and only if N is G(PK)-perfect.
Proof. (i). Without loss of generality, we may assume that M is directly colinked to N. Hence there
exists φ ∈ Epi(PnK(R)) such that M = imφ and N
∼= imL nK (φ). Assume that M is PK-perfect of grade
n and consider the exact sequence
(5.23.1) 0→ Z→ Y
φ
→M→ 0, where Y ∈PnK(R).
It follows that Z is PK-perfect of grade n and so Z ∈ BK(R) by Theorem 5.4(ii). In particular,
Ext1R(K,Z) = 0. Applying the functor (−)
H = HomR(K,−) to (5.23.1) implies the exact sequence
0→ ZH→YH
φH
→MH→ 0 which induces the long exact sequence
(5.23.2) 0→ ExtnR(M
H,K)→ ExtnR(Y
H,K)→ ExtnR(Z
H,K)→ Extn+1R (M
H,K)→ ··· .
As pdR(M
H) = PK-dimR(M) = n by [64, Theorem 2.11], Ext
n+1
R (M
H,K) = 0. It follows from the exact
sequence (5.23.2) and Theorem 5.6(ii) that
N ∼= imL nK (φ)
∼= ExtnR(Z
H,K) = DnK(Z) ∈P
n
K(R).
The converse follows from the symmetry. The second part can be proved analogously. 
For a subcategory Z of modR, we denote by Z H = {MH |M ∈Z } and Z ⊗K = {M⊗RK |M ∈Z }.
Definition 5.24. Let X ,Y be subcategories of modR. The ordered pair (X ,Y ) is called an n-adjoint
pair of subcategories with respect to K, provided that the following conditions hold.
(i) X is an n-reflexive subcategory with respect to R.
(ii) Y is an n-coreflexive subcategory with respect to K.
(iii) X ⊗K ⊆Y ⊆BK(R) and Y
H ⊆X ⊆AK(R).
Here are some examples of n-adjoint pairs of subcategories with respect to K.
Example 5.25. The following statements hold true.
(i) The ordered pair (Pn(R),PnK(R)) is an n-adjoint pair of subcategories with respect to K.
(ii) If R is local and K is a dualizing module, then (GnR(P),G
n
K(PK)) is an n-adjoint pair of subcate-
gories with respect to K.
Proof. Part (i) follows from Theorem 5.4(ii), (iii) and Example 5.8(i). Part (ii) follows from Theorem
5.4(i), (iv), (vii), Example 3.2(i) and Example 5.8(ii). 
We denote by ∇K(R) := {M ∈ modR | µ
R
K(M) : M → HomR(K,M⊗R K) is an isomorphism }. Note
that AK(R)⊆ ∇K(R). The following theorem is the main result of this section which is a generalization
of [17, Theorem B].
Theorem 5.26. Let (X ,Y ) be an n-adjoint pair of subcategories with respect to K. There is an adjoint
equivalence of categories{
M ∈ ∇K(R)
∣∣∣∣ M is linked withrespect to X
} −⊗RK
−−−−−−−−−→
←−−−−−−−−−
HomR(K,−)
{
N ∈ ∆K(R)
∣∣∣∣ N is colinked withrespect to Y
}
.
Proof. Let M ∈ ∇K(R) be an R-module which is linked by a reflexive homomorphism φ ∈ Epi(X ).
Consider the exact sequence 0→ C → X
φ
→ M → 0, where X ∈ X . It induces the exact sequence
X⊗RK
φ ′
→M⊗RK→ 0, where φ
′ = φ ⊗RK. As (X ,Y ) is an n-adjoint pair with respect to K, we have
38 DEHGHANI-ZADEH, DIBAEI, AND SADEGHI
X ⊗R K ∈ Y . It follows that φ
′ ∈ Epi(Y ). Note that neither φ nor φ ′ is injective. Set N = M⊗R K.
As M ∈ ∇K(R), we have N ∈ ∆K(R). Next we prove that N is colinked by φ
′ with respect to Y . By
Corollary 5.14, it is enough to show that ηRK(N) is injective. Let x ⊆ AnnR(M) be an ideal generated by
a regular sequence of length n. Set S = R/x and K = K⊗R S. As M is linked by φ , we have η
R
R (M) is
injective by Corollary 3.9. It follows from Lemma 2.8(ii) that Ext1S(TrSM,S) = 0. In other words, M is a
first syzygy S-module, i.e. there exists an exact sequence 0→M→ P→ Z→ 0, where P is a projective
S-module. Applying the functor −⊗SK gives the following exact sequence
(5.26.1) 0→ TorS1(Z,K)→M⊗SK→ P⊗SK→ Z⊗RK→ 0.
Applying the functor HomS(K,−) to (5.26.1) implies the commutative diagram
0 −−−−→ HomS(K,Tor
S
1(Z,K)) −−−−→ HomS(K,M⊗SK) −−−−→ HomS(K,P⊗SK)yµSK(M) yµSK(P)
0 −−−−→ M −−−−→ P
with exact rows. As M ∈ ∇K(R), we have µ
R
K(M) is an isomorphism and so is µ
S
K
(M). Also
P ∈ AK(S) and so µ
S
K
(P) is an isomorphism. It follows from the above commutative diagram that
HomS(K,Tor
S
1(Z,K)) = 0. Therefore Tor
S
1(Z,K) = 0 and, by the exact sequence (5.26.1), we get the
exact sequence 0→M⊗SK→ P⊗SK. Note that N ∼=M⊗SK. Set Y = P⊗SK. As K is a semidualizing
S-module, we have ηS
K
(Y ) is an isomorphism. Hence, it follows from the commutative diagram
N
ηS
K
(N)

  // Y
ηS
K
(Y)

HomS(HomS(N,K),K) // HomS(HomS(Y,K),K),
that ηS
K
(N) is injective and so is ηRK(N) (see Lemma 2.8).
Conversely, assume that N ∈ ∆K(R) is a module which is linked by a coreflexive homomorphism
ψ ∈ Epi(Y ). Consider the exact sequence 0→ D→ Y
ψ
→ N → 0, where Y ∈ Y ⊆ BK(R). It follows
that Ext1R(K,Y ) = 0. Hence, applying the functor (−)
H = HomR(K,−) gives the exact sequence
(5.26.2) 0→ DH→YH
ψH
→ NH→ Ext1R(K,D)→ 0.
Applying the functor K⊗R− to the exact sequence (5.26.2) implies the commutative diagram
K⊗RY
H −−−−→ K⊗RN
H −−−−→ K⊗R Ext
1
R(K,D) −−−−→ 0yνRK(Y ) yνRK(N)
Y −−−−→ N −−−−→ 0,
with exact rows. As N ∈ ∆K(R), we have ν
R
K(N) is an isomorphism. Also, since Y ∈BK(R), we have
νRK(Y ) is an isomorphism. It follows from the above commutative diagram that K⊗R Ext
1
R(K,D) = 0
and so Ext1R(K,D) = 0. Hence, by the exact sequence (5.26.2) we obtain the following exact sequence
YH
ψH
→ NH→ 0. As the pair (X ,Y ) is an n-adjoint pair of subcategories with respect to K, we have
YH ∈ X . It follows that ψH ∈ Epi(X ). Since ψ is not injective neither is ψH. Set M = NH. Note
that M ∈ ∇K(R). Next we prove that M is linked by ψ
H with respect to X . By Corollary 3.9, it is
enough to show that ηRR (M) is injective. Let y ⊆ AnnR(M) be an ideal generated by a regular sequence
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of length n. Set T = R/y and K′ = K⊗R T . As N is colinked by ψ , we have η
R
K(N) is injective by
Corollary 5.14. It follows from Lemma 2.8(ii) that Ext1T (TrK′N,K
′) = 0. In other words, N is a first
K′-syzygy T -module, i.e. there exists an exact sequence 0→ N → Y → Z → 0, where Y = P⊗T K
′
for a projective T -module P. Applying the functor HomT (K
′,−) to the above exact sequence gives the
exact sequence 0→ HomT (K
′,N)→ HomT (K
′,Y ). Note that M = HomR(K,N)∼= HomT (K
′,N) by the
adjoint isomorphism. Also, since P ∈ AK′(T ), we have P ∼= HomT (K
′,K′⊗T P). Hence we obtain the
exact sequence 0→M→ P. It follows that ηTT (M) is injective and so is η
R
R (M) by Lemma 2.8. 
The following result is an immediate consequence of Theorem 5.26 and Example 5.25.
Corollary 5.27. The following statements hold true.
(i) There is an adjoint equivalence of categories{
M ∈AK(R)
∣∣∣∣ M is linked withrespect to Pn(R)
} −⊗RK
−−−−−−−−−→
←−−−−−−−−−
HomR(K,−)
{
N ∈BK(R)
∣∣∣∣ N is colinked withrespect to PnK(R)
}
.
(ii) If K is a dualizing module, then there is an adjoint equivalence of categories
{
M ∈AK(R)
∣∣∣∣ M is linked withrespect to GnR(P)
} −⊗RK
−−−−−−−−−→
←−−−−−−−−−
HomR(K,−)
{
N ∈BK(R)
∣∣∣∣ N is colinked withrespect to GnK(PK)
}
.
The following is a dual version of Proposition 4.6.
Theorem 5.28. Let (X ,Y ) be an n-adjoint pair of subcategories with respect to K such that X ⊆
GnK(P). Assume that t > 1 is an integer such that injdimRp(Kp) < ∞ for all p ∈ X
n+t−1(R) and that
M, N are R-modules which are directly colinked with respect to Y . If M ∈BK(R), then the following
statements are equivalent.
(i) depthRp(Mp)≥min{t,depthRp−n} for all p ∈ SpecR.
(ii) ExtiR(N,K) = 0 for all i, n+1≤ i≤ n+ t−1.
Proof. By definition, there exists φ ∈ Epi(Y ) such that M = imφ and N ∼= imL nK (φ). It follows from
Theorem 5.26 that MH is linked by φH with respect to X . As X ⊆ GnK(P), it follows from Corollary
3.10 that MH is also linked by φH with respect to GnK(P). By Proposition 4.6,
(5.28.1)
depthRp(M
H
p )≥min{t,depthRp−n} for all p ∈ SpecR
⇐⇒ ExtiR(imL
n
K(φ
H),K) = 0 for all i, n< i< n+ t.
By using the fact that M ∈BK(R) and Definitions 3.4 and 5.9, it is easy to see that L
n
K (φ) = L
n
K(φ
H).
Hence we obtain the following isomorphisms
(5.28.2) ExtiR(N,K)
∼= ExtiR(imL
n
K (φ),K)
∼= ExtiR(imL
n
K(φ
H),K) for all i.
Now the assertion follows from (5.28.1), (5.28.2) and Theorem 5.4(vi). 
Corollary 5.29. Assume that t > 1 is an integer such that injdimRp(Kp) < ∞ for all p ∈ X
n+t−1(R) and
that M, N are R-modules which are directly colinked with respect to PnK(R). If M ∈ BK(R), then the
following statements are equivalent.
(i) depthRp(Mp)≥min{t,depthRp−n} for all p ∈ SpecR.
(ii) ExtiR(N,K) = 0 for all i, n+1≤ i≤ n+ t−1.
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Proof. First note that every perfect module is also GK-perfect. In particular, P
n(R)⊆ GnK(P). Now the
assertion follows from Theorem 5.28 and Example 5.25(i). 
The following is a generalization of [17, Theorems A, C].
Corollary 5.30. Let (R,m) be a Cohen-Macaulay local ring of dimension d and let K be a dualizing
module. Assume that M and N are R-modules of finite Gorenstein injective dimension which are in the
same coliaison class with respect to GnK(PK). Then the following statements hold true.
(i) M satisfies the Serre’s condition (St) if and only if H
i
m(N) = 0 for all i, d−n− t < i< d−n.
(ii) M is Cohen-Macaulay if and only if N is so.
(iii) M is generalized Cohen-Macaulay if and only if N is so.
Proof. (i). By Corollary 5.27(ii), MH is linked with respect to GnR(P). It follows from Proposition 3.21
and Theorem 5.4(vi) that dimRp(Mp) = depthRp− n for all p ∈ SuppR(M). Now the assertion follows
from Theorem 5.28, Example 5.25(ii) and the local duality theorem. Part (ii) is a special case of part (i).
(iii). By [65, Lemmas 1.2, 1.4], M is generalized Cohen-Macaulay if and only if Mp is a maximal
Cohen-Macaulay Rp-module for all p ∈ Spec(R)\{m}. Now the assertion is clear by part (ii). 
Proposition 5.31. Let (X ,Y ) be an n-adjoint pair of subcategories with respect to K such that X ⊆
GnK(P) and Y ⊆ G
n
K(PK). Assume that M,N ∈BK(R) are R-modules in the same even coliaison class
with respect to Y . Then D iK(M)
∼= D iK(N) for all i> n.
Proof. Without loss of generality, we may assume that M is colinked to N in two steps: M
c
∼ L
c
∼ N, for
some R-module L. Hence there exist non-injective epimorphisms φ : X ։M and ψ : Y ։ N in Epi(Y )
such that imL nK (φ)
∼= L ∼= imL nK (ψ). By Theorem 5.26, M
H is linked by φH with respect to X . As
X ⊆ GnK(P), it follows from Corollary 3.10 that M
H is also linked by φH with respect to GnK(P).
Applying the functor (−)H = HomR(K,−) to the exact sequence 0→ kerφ → X
φ
→ M→ 0 and using
the fact that kerφ ∈BK(R) give the following exact sequence 0→ (kerφ)
H→ XH
φH
→MH→ 0. Now it is
easy to see that LnK(φ
H) = L nK (φ) (see Definitions 3.4 and 5.9). Therefore imL
n
K(φ
H) = imL nK (φ)
∼= L.
Similarly, one can prove that NH is linked by ψH with respect to GnK(P) and imL
n
K(ψ
H) = imL nK (ψ)
∼=
L. Thus we have MH ∼ L∼ NH and so by Theorem 4.21(i) we have the following isomorphism
D
i
K(M) = Ext
i
R(M
H,K)∼= ExtiR(N
H,K) = D iK(N) for all i> n.

We end this section by proving the fact that homological dimensions with respect to K are preserved
in even module coliaison classes.
Corollary 5.32. Let M and N be R-modules contained in BK(R) which are in the same even coliaison
class with respect to PnK(R). Then the following statements hold true.
(i) PK-dimR(M) = PK-dimR(N).
(ii) If R is local and K is a dualizing module, then G(PK)-dimR(M) = G(PK)-dimR(N).
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Proof. (i). By Corollary 5.22(ii), we may assume that M and N have finite PK-dimensions. Hence,
by [64, Theorem B] and Proposition 5.31 we obtain the equalities
PK-dimR(M) = pdR(M
H)
= sup{i | ExtiR(M
H,K) 6= 0}
= sup{i | ExtiR(N
H,K) 6= 0}
= pdR(N
H)
= PK-dimR(N).
(ii). By Corollary 5.22(iv), we may assume that M and N have finite G(PK)-dimension. Set d = dimR.
It follows from Proposition 5.31 and [10, Corollary 3.5.11] that
d−depthR(M
H) = sup{i | ExtiR(M
H,K) 6= 0}
= sup{i | ExtiR(N
H,K) 6= 0}
= d−depthR(N
H).
Now the assertion follows from Theorems 2.2(iii) and 5.4(iv), (vi) and the above equality. 
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